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CAUCHY PROBLEM AND EXPONENTIAL STABILITY FOR THE 
INHOMOGENEOUS LANDAU EQUATION 

KLEBER CARRAPATOSO, ISABELLE TRISTANI, AND KUNG-CHIEN WU 


Abstract. This work deals with the inhomogeneous Landau equation on the torus in the 
cases of hard, Maxwellian and moderately soft potentials. We first investigate the linearized 
equation and we prove exponential decay estimates for the associated semigroup. We then 
turn to the nonlinear equation and we use the linearized semigroup decay in order to construct 
solutions in a close-to-equilibrium setting. Finally, we prove an exponential stability for such 
a solution, with a rate as close as we want to the optimal rate given by the semigroup decay. 
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1. Introduction 

1.1. The model. In this paper, we investigate the Cauchy theory associated to the spatially 
inhomogeneous Landau equation. This equation is a kinetic model in plasma physics that de¬ 
scribes the evolution of the density function F = F{t,x,v) in the phase space of position and 
velocities of the particles. In the torus, the equation is given by, for F = F{t,x,v) > 0 with 
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t G K+, x G (that we assume without loss of generality to have volume one |T^| = 1 ) 

and V € 

dtF + vV,F = Q(F,F) 

|t=Q = Fo 

where the Landau operator Q is a bilinear operator that takes the form 


( 1 . 1 ) 


( 1 . 2 ) 


Q(G,F)(v) = di f aij{v — n*) [G^djF — FdjG^] dn*, 

JK3 


and we use the convention of summation of repeated indices, and the derivatives are in the 
velocity variable, i.e. di = . Hereafter we use the shorthand notations G* = G{v^), F = F{y)^ 

djG^ = 9„.„G(n,), djF = dy^F{v), etc. 

The matrix is symmetric semi-positive, depends on the interaction between particles and 
is given by 


(1.3) 


i(.) = i.r+^ . 


( 1 , 4 ) 


We define (see m) in 3-dimension the following quantities 
h{v) = dja^jiv) = -2 |?;|^ Vi, 

c{v) = dijaij{v) = — 2(7 -|- 3) |nP or c = SnSo if 7 = —3. 

We can rewrite the Landau operator in the following way 

(1.5) Q(G, F) = (ay G)9yW - (c G)F = V„ • {(a g)VJ - {b g)f}. 

We have the following classification: we call hard potentials if 7 G (0,1], Maxwellian molecules 
if 7 = 0, moderately soft potentials if 7 G [—2,0), very soft potentials if 7 G (-3,-2) and 
Coulombian potential if 7 = —3. Hereafter we shall consider the cases of hard potentials, 
Maxwellian molecules and moderately soft potentials, i.e. 7 G [—2,1]. 

The Landau equation conserves mass, momentum and energy. Indeed, at least formally, for 
any test function (p, we have 


Q{F,F)(pdv =-- / aij{v - Vt:)FF^ 

4 ! Jr3xR3 


diF d,F^ 

~1' ¥7 


{dj(p — djip^f) dvdvif 


from which we deduce that 

( 1 . 6 ) 

^ / Fip{v)dxdv= [ [Q{F,F) — V ■V^F]tp{v)dxdv = Q for tp{v) = l,v,\v\^. 

Moreover, the Landau version of the Boltzmann iL-theorem asserts that the entropy 

F[{F) := I F log Fdxdv 

Jt3xR3 

is non increasing. Indeed, at least formally, since Oy is nonnegative, we have the following 
inequality for the entropy dissipation D{F): 


DiF) := -j^HiF) 


'T3xR3xR3 


diF diFt: 


a.^iv-v.)FF4^-^][^- 


d,F 


djF^ 


dv dn* dx > 0 . 


It is known that the global equilibria of (HID are global Maxwellian distributions that are 
independent of time t and position x. We shall always consider initial data Fq verifying 


/T3xR3 


To dx dv = 1 , 


/T3xR3 


Fq vdxdv = 0, 


/T3xR3 


Fq \vY dx dv = 3, 
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therefore we consider the Maxwellian equilibrium 

^,{v) = (27r)-3/2e-l''l^/2 

with same mass, momentum and energy of the initial data. 

We linearize the Landau equation around /i with the perturbation 


(1.7) 


F = M + /. 

The Landau equation CH) for / = f{t, X, v) takes the form 

r dtf = Af + Q{fJ):=Cf-v\/,f + Q{fJ) 

I /|t=o = fo = Fq — 

where A = C — v ■ is the inhomogeneous linearized Landau operator and the homogeneous 
linearized Landau operator C is given by 

Cf := + /i) 

= (uij * ^i)dijf - (c * fi)f + (ttij * f)dijfi - (c* f)fi. 

Through the paper we introduce the following notation 


( 1 . 8 ) 


(1.9) 


aij{v) = ttij * n, bi{v) = bi * fj,, c{v)=c*n. 


The conservation laws (HU) can then be rewritten as, for all t > 0, 


( 1 . 10 ) 


/T3xR3 


f{t,x,v)ip{v)dxdv = 0 for ip{v) = l^v^\vY 


1.2. Notations. Through all the paper we shall consider function of two variables / = f{x,v) 
with X G and v G R^. Let m = m{v) be a positive Borel weight function and 1 < p, 9 < 00 . 
We define the space L%LP{m) as the Lebesgue space associated to the norm, for / = /(x, v), 

ll/llLSLS(m) := ||ll/IUS(m)||i9 := ||ll"i/llLdL’ 

\ 1/9 

= f / ( f \fix,v)\P m{v)P dv\ dx 
I Jt| \Jri J 

We also define the high-order Sobolev spaces for n,£ G N: 

= E Wdy^JhiLUmy 

|a| + |/3|<max(^,n) 

This definition reduces to the usual weighted Sobolev space when p = q and £ = n, 

and we recall the shorthand notation = W^’^. We shall denote W^’P(m) = Wif’^(m) when 
considering spaces in the two variables (x,v). 




Let X, V be Banach spaces and consider a linear operator A : X ^ X. We shall denote 
by S\{t) = the semigroup generated by A. Moreover we denote by £^{X,Y) the space of 
bounded linear operators from X to F and by || • \\^(x,y) norm operator, with the usual 
simplification £§{X) = £1§{X,X). 

For simplicity of notations, hereafter, we denote (v) = (1 -I- a ^ b means that there 

exist constants Ci, C 2 > 0 such that Cib < a < C 2 &; we abbreviate “ < C ” to “ < where C is 
a positive constant depending only on fixed number. 
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1.3. Main results. 

1.3.1. Cauchy theory and convergence to equilibrium. We develop a Cauchy theory of perturba¬ 
tive solutions in “large” spaces for 7 G [—2,1]. We also deal with the problem of convergence to 
equilibrium of the constructed solutions, we prove an exponential convergence to equilibrium. 
Let us now state our assumptions for the main result. 


(HO) Assumptions for Theorem ll.il 

• Hard potentials 7 G (0,1] and Maxwellian molecules 7 = 0: 

(i) Polynomial weight: m = (v)^ with fc > 7 -|- 7 -|- 3/2. 

(ii) Stretched exponential weight: m = with r > 0 and s G (0,2). 

(Hi) Exponential weight: m = with r G (0,1/2). 

• Moderately soft potentials 7G [-2,0): 

(i) Stretched exponential weight: m = with r > 0, s G (— 7 , 2 ). 

{ii) Exponential weight: m = with r G (0,1/2). 

Through the paper, we shall use the notation a = 0 when m = (v)^ and a = s when m = . 


We define the space 'H^Ll{m) (for m a polynomial or exponential weight) associated to the 
norm 


( 1 . 11 ) 




We also introduce the velocity space iJ/ ^ (m) through the norm 

( 1 . 12 ) 

.(m) = \\^\\\l[m{v)ir + <’)/'i) + ||7\)V„/l||^2(^^„^7/2) + 11(7 — 7^;)Vi,/l||^2(^^„^(7+2)/2p 

with Py the projection onto u, namely Pv^ = • 1 ^) 1 ^, as well as the space Ul{Hl,^{m)) 

associated to 




73m|2 


(1.13) 


/TJ 


'HI ,{m) 


iTl 






Here are the main results on the fully nonlinear problem uni) that we prove in what follows. 
For simplicity denote X := H^LKm) and Y := 7^^(77/ *(to)) (see (11.1111 and (11.131) '). 

Theorem 1.1. Consider assumption (HO) with some weight function m. We assume that /o 
satisfies (11.101) and also that Fq = pt + fo > 0. There is a constant eo = eo(m) > 0 such that 
*/ II/oilA < cQ) then there exists a unique global weak solution f to the Landau equation (11.71) . 
which satisfies, for some constant C > 0, 

II/IIl“([0,oo);A) + II/IIl2([0,oo);F) < Ccq. 

Moreover, this solution verifies an exponential decay: for any 0 < A 2 < Ai there exists C > 0 
such that 


Vt>0, ||/(t)||A<Ce-^^‘||/o||A, 
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where Xi > 0 is the optimal rate given by the semigroup decay of the associated linearized 
operator in Theorem \2.1\ 

Let us comment our result and give an overview on the previous works on the Cauchy theory 
for the inhomogeneous Landau equation. For general large data, we refer to the papers of 
DiPerna-Lions [7] for global existence of the so-called renormalized solutions in the case of the 
Boltzmann equation. This notion of solution have been extend to the Landau equation by 
Alexandre-Villani [T] where they construct global renormalized solutions with a defect measure. 
We also mention the work of Desvillettes-Villani that proves the convergence to equilibrium 
of a priori smooth solutions for both Boltzmann and Landau equations for general initial data. 

In a close-to-equilibrium framework, Guo in [9] has developed a theory of perturbative so¬ 
lutions in a space with a weight prescribed by the equilibrium of type for any 

N > 8, and for all cases 7 € [—3,1], using an energy method. Later, for 7 S [—2,1], Mouhot- 
Neumann [15] improve this result to for any N > 4. 

Let us underline the fact that Theorem 11.11 largely improves previous results on the Cauchy 
theory associated to the Landau equation in a perturbative setting. Indeed, we considerably 
have enlarged the space in which the Cauchy theory has been developed in two ways: the 
weight of our space is much less restrictive (it can be a polynomial or stretched exponential 
weight instead of the inverse Maxwellian equilibrium) and we also require less assumptions on 
the derivatives, in particular no derivatives in the velocity variable. 

Moreover, we also deal with the problem of the decay to equilibrium of the solutions that we 
construct. This problem has been considered in several papers by Guo and Strain in [TTKIH] first 
for Coulombian interactions (7 = —3) for which they proved an almost exponential decay and 
then, they have improved this result dealing with very soft potentials (7 € [—3, —2)) and proving 
a decay to equilibrium with a rate of type e~^*^ with p € (0,1). In the case 7 € [—2,1], Yu (2^ 
has proved an exponential decay in for any N > 8, and Mouhot-Neumann [IS] in 

for any A' > 4. 

We here emphasize that our strategy to prove Theorem 11.11 is completely different from the 
one of Guo in j^. Indeed, he uses an energy method and his strategy is purely nonlinear, he 
directly derives energy estimates for the nonlinear problem while the first step of our proof is 
the study of the linearized equation and more precisely the study of its spectral properties. 
Then, we go back to the nonlinear problem combining the new spectral estimates obtained on 
the linearized equation with some bilinear estimates on the collision operator. Thanks to this 
method, we are able to develop a Cauchy theory in a space which is much larger than the one 
from the previous paper |9|. Moreover, we obtain the convergence of solutions towards the 
equilibrium with an explicit exponential rate. 

Our strategy is thus based on the study of the linearized equation. And then, we go back to 
the fully nonlinear problem. This is a standard strategy to develop a Cauchy theory in a close-to- 
equilibrium regime. However, we have to emphasize here that our study of the nonlinear problem 
is very tricky. Indeed, usually (for example in the case of the non-homogeneous Boltzmann 
equation for hard spheres in 0 ), the gain induced by the linear part of the equation allows 
directly to control the nonlinear part of the equation so that the linear part is dominant and we 
can use the decay of the semigroup of the linearized equation. In our case, it is more difficult 
because the gain induced by the linear part is anisotropic and it is not possible to conclude using 
only natural estimates on the bilinear Landau operator. As a consequence, we establish some 
new very accurate estimates on the Landau operator to be able to deal with this problem. 

Since the study of the linearized equation is the cornerstone of the proof of our main result, 
we here present the result that we obtain on it and briefly remind previous results. 
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1.3.2. The linearized equation. We remind the definition of the linearized operator at first order 
around the equilibrium; 

A/ = /) + Qif, t^)-v- V^f. 

We study spectral properties of the linearized operator A in various weighted Sobolev spaces 
. Let us state our main result on the linearized operator (see Theorem 12.11 for a 
precise statement), which widely generalizes previous results since we are able to deal with a 
more general class of spaces. 


Theorem 1.2. Consider hypothesis (HI), (H2) or (H3) defined in Subsection \2. 1\ and a weight 
function m. Let £ be one of the admissible spaces defined in (lO) . Then, there exist explicit 
constants Ai > 0 and C > 0 such that 

vt>0, V/Gf, \\SA{t)f-Uof\\£<Ce-^^^\\f-Uof\\£, 


where S\{t) is the semigroup associated to A and llo the projector onto the null space of A 
by 


We hrst make a brief review on known results on spectral gap properties of the homogeneous 
linearized operator C defined in (11.81) . On the Hilbert space a simple computation 

gives that C is self-adjoint and (£/i,< 0, which implies that the spectrum of C on 
is included in ]R“. Moreover, the nullspace is given by 

N{C) = Span{/x, vip., ^ 2 ^, ua/x, |up/x}. 

We can now state the existing results on the spectral gap of jC on Summarising 

results of Degond and Lemon [5], Guo [9], Baranger and Mouhot [2], Mouhot [13], Mouhot and 
Strain [TB] for all cases 7 G [—3,1], we have: there is a constructive constant Aq > 0 (spectral 
gap) such that 

(1.14) > Ao||h||^i \/h€N{C)^, 

where the anisotropic norm || • ||^i is defined by 








where denotes the projection onto the u-direction, more precisely P^g = ■ gj We 

also have from [^ the reverse inequality, which implies a spectral gap for C in Lj(/x“^/^) if and 
only if 7 -|- 2 > 0 . 

Let us now mention the works which have studied spectral properties of the full linearized 
operator A — £ — v ■ V^,. Mouhot and Neumann m prove explicit coercivity estimates for hard 
and moderately soft potentials (7 G [—2,1]) in „(m~^^^) for ^ > 1) using the known spectral 
estimate for £ in (11.141) . It is worth mentioning that the third author has obtained in [23] an 
exponential decay to equilibrium for the full linearized equation in L^„(/x“^^^) by a different 
method, and the decay rate depends on the size of the domain. Let us summarize results that 
we will use in the remainder of the paper in the following theorem. 


Theorem 1.3 l|15jl. Consider (.q > 1 and E := ijA„(/x ^/^). Then, there exists a constructive 
constant Aq > 0 (spectral gap) such that A satisfies on E: 

(i) the spectrum S(A) C {z G C : 5Rez < — Aq} U {0}; 

(ii) the null space N{A) is given by 

(1.15) N{A) = Span{/x, vipL, V 2 pi, \v\^p}, 
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and the projection Ho onto N (A) by 


(1.16) 


no/ = 


/ f dxdv] fi + 'V] 

JT3xR3 / 


Vif dx dv I VipL 


\vr - 3 


'T3xR3 


/ dx dv 


'T3xR3 

Mr 3) 

6 


■h'-, 


(in) A is the generator of a strongly continuous semigroup 8^(1) that satisfies 
(1.17) yt>0,Vf€E, \\SAit)f-nof\\E<e-^omf-Uof\\E. 


To prove Theorem 11.21 our strategy follows the one initiated by Mouhot in m for the 
homogeneous Boltzmann equation for hard potentials with cut-off. The latter theory has then 
been developed and extend in an abstract setting by Gualdani, Mischler and Mouhot [5], and 
Mischler and Mouhot m- They have applied it to Fokker-Planck equations and the spatially 
inhomogeneous Boltzmann equation for hard spheres. This strategy has also been used for the 
homogeneous Landau equation for hard and moderately soft potentials by the first author in 
[Sill] and by the second author for the fractional Fokker-Planck equation and the homogeneous 
Boltzmann equation for hard potentials without cut-off in muo] (see also m for related 
works). 

Let us describe in more details this strategy. We want to apply the abstract theorem of 
enlargement of the space of semigroup decay from mm to our linearized operator A. We shall 
deduce the spectral/semigroup estimates of Theorem 11.21 on “large spaces” £ using the already 
known spectral gap estimates for A on „(/r“^/^), for £ > 1, described in Theorem 11.31 
Roughly speaking, to do that, we have to find a splitting of A into two operators A = A + B 
which satisfy some properties. The first part A has to be bounded, the second one B has to 
have some dissipativity properties, and also the semigroup (^iSe(t)) is required to have some 
regularization properties. 


We end this introduction by describing the organization of the paper. In Section[2]we consider 
the linearized equation and prove a precise version of Theorem 11.21 In Section [3] we come back 
to the nonlinear equation and prove our main result Theorem ll.il 
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in Science. The third author is supported by the Ministry of Science and Technology (Taiwan) 
under the grant 102-2115-M-017-004-MY2 and National Center for Theoretical Science. 


2. The linearized equation 

2.1. Functional spaces. Let us now make our assumptions on the different potentials 7 and 
weight functions m = m{v)\ 

(HI) Hard potentials 7 e (0,1]. For p € [1, 00 ] we consider the following cases 

( 1 ) Polynomial weight: let m = (v)^ with fc > 7 -|- 2 -(- 3(1 — 1/p), and define the abscissa 

•— C>0. 

(ii) Stretched exponential weight: let m = with r > 0 and s € (0,2), and define the 
abscissa Am,p := 00 . 

(Hi) Exponential weight: let m = with r G (0,1/2) and define the abscissa A^.p := 
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(H2) Maxwellian molecules 7 = 0 . For p S [1, 00 ] we consider the following cases 

(i) Polynomial weiqht: let m = (v)^ with fc >7 + 2 + 3(l — 1/p), and define the abscissa 
'\J:=2[fc-(7 + 3)(l-l/p)]. 

(a) Stretched exponential weight: let m = with r > 0 and s € (0, 2), and define the 


abscissa Am,p '■= 00 . 


{Hi) Exponential weight: let m = with r £ (0,1/2) and define the abscissa \m,p '■= 


(H3) Moderately soft potentials 7 G [—2,0). For p £ [l,oo] we consider the following cases 

(i) Stretched exponential weight for 7 £ (—2, 0): let m = with r > 0, s £ (0, 2) and 
s + 7 > 0, and define the abscissa \rn,p '■= 00 . 

{a) Exponential weight for 7 £ (—2,0): let m = with r £ (0,1/2) and define the 

abscissa Xm,p ■= 00 . 

{Hi) Exponential weight for 7 = —2: let m = with r £ (0,1/2), and define the 

abscissa \m,p '■= 4r(l — 2r). 

Under these hypothesis, we shall use the following notation for the functional spaces: 

(2.1) E := Hf%(/r-i/2), 4 > 1, 

in which space we already know that the linearized operator A has a spectral gap lTheoreni ll.3l) . 
and also, under hypotheses (HI), (H2) or (H3), 

Vp£[l,oo]; 

Vp £ [1,2], n £ N*, / £ N; 
and for each space we dehne the associated abscissa \s = \m,p- 


( 2 . 2 ) 


£ := 


The main result of this section, which is a precise version of Theorem 11.21 reads 

Theorem 2.1. Consider hypothesis (HI), (H2) or (H3) with some weight m, and let £ be 
one of the admissible spaces defined in ( 12 . 21 ) . 

Then, for any X < Xs and any Ai < min{Ao,A}, where we recall that Aq > 0 zs the spectral 
gap of A on E (see (11.171) ). there is a constructive constant C > 0 such that the operator A 
satisfies on £: 

(i) E(A) c {z £ C I IRz < -All U {0}; 

(a) the null-space N{A) is given by (11.151) and the projection Hq onto N{A) by p.l 6 |) .' 

(Hi) A is the generator of a strongly continuous semigroup S\{t) that verifies 

vt > 0, V/ £ \\SA{t)f - UofWe < ||/ - no/||£. 

Remark 2.2. (1) Observe that: 

• Cases (HI), (H2)-(ii)-(iii) or (H3)-(i)-(ii): we can recover the optimal estimate 
Ai = Aq since Xm,p = + 00 . 

• Case (H2)-(i) : in this case we have m = {v)^, and we can recover the optimal estimate 
Ai = Aq if A: > 0 is large enough such that Xm,p = 2k — 6(1 — 1/p) > Aq. Otherwise, we 
obtain Ai < 2 A: — 6(1 — 1 /p). 

• Case (H3)-(iii) : in this case we have 7 = —2, m = and Xm,p = 4r(l — 2r) and 

the condition 0 < r < 1 / 2 . 

(2) This theorem also holds for other choices of space, namely for a space £ that is an 
interpolation space of two admissible spaces £i and £2 in ( 12 . 21 ) . 
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The proof of Theorem 12.11 uses the fact that the properties (i)-(ii)-(iii) with Ai = Aq hold on 
the small space E (Theorem II .31) and the strategy described in section [1.3.21 

In a similar way we shall obtain Theorem 12.11 we shall also deduce a regularity estimate on 
the semigroup Sa that will be of crucial importance in the study of the nonlinear equation in 
Section[3l For the sake of simplicity, and because it is the case that we shall use for the nonlinear 
equation, we only present this result for the particular case of p = 2 and £ = 0 in ( 12 . 21 ) . 

Define the space associated to the norm 

ll/llffi .(m) = II/IIlJ ^(m(j;>(7+<^)/2) + {m{v)'y/^) + ||(d ^D)V/||^2(m^„)(7+2)/2), 

as well as the space with n G N, by 

(2-3) ^ Il^x/lli 2 (ffi ^(m)) = ^ .(m)- 

0<j<n 0<j<n 

We hence define the negative Sobolev space by duality in the following way 

(2-4) ll/lliL"(iLrl(m)) := sup 

Theorem 2.3. Consider hypothesis (HI), (H2) or (H3) with some weight m. Let £ = 
H^L^(m) and £-i = Then, for any A < Ai, the following regularity estimate 

holds 

poo 

(2.5) / e2^‘||5A(t)(/-no)/|||dt<C||(/-no)/||L,, 

Jo 

for some constant C > 0. 


2.2. Splitting of the linearized operator. We decompose the linearized Landau operator C 
defined in (II.8 |) as jC = Aq + Bq, where we define 

(2.6) Aof := {a^J * f)dijH-{c* f)n, Bof := {aij * n)d^jf - {c* n)f. 

Consider a smooth positive function x G C)?°(R^) such that 0 < x(^^) < !> xi'v) = 1 for |w| < 1 
and x(t) = 0 for |i;| > 2. For any i? > 1 we define xr{^) •= x{R~^'^) fo th® sequel we shall 
consider the function Mxr, for some constant M > 0. 

Then, we make the final decomposition of the operator A as A = Al + S with 

(2.7) A:=Ao + Mxr, B := Bq - V-Vx - Mxr, 
where M > 0 and i? > 0 will be chosen later (see Lemma [2.7p . 


2.3. Preliminaries. We have the following results concerning the matrix aij{v). 


Lemma 2.4. The following properties hold: 

(a) The matrix d(v) has a simple eigenvalue ii{v) > 0 associated with the eigenvector v and a 
double eigenvalue £ 2 {v) > 0 associated with the eigenspace . Moreover, when |i;| — >■ +oo 
we have 

ii{v) ^ ‘2{vy and £ 2 {v) ^ 

(b) The function dij is smooth, for any multi-index /3 G 

\d^d,j{v)\<Cp{vT+^-\^\ 


and 


= £i{v)\Pxe+HvW - Pv)i? 
>CQ{{vr\p.e + {v)'^^\i-Pv)e), 


for some constant cq > 0 and where Py is the projection on v, i.e. Py 
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(c) We have 

aii{v) = tr{a{v)) = lii{v) + 2 £ 2 {,v) = / \v — dv^ and bi{v) = —ii{v) Vi. 

Jr^ 

(d) If |i;| > 1, we have 

\d^ii{v)\ < and \d^i 2 (v)\ < 


Proof. We just give the proof of item (d) since (a) comes from [5] Propositions 2.3 and 2.4, 
Corollary 2.5], ( 6 ) is O Lemma 3] and (c) is evident. For item (d), the estimate of \d^l 2 {v)\ 
directly comes from (a) and [HI Lemma 2]. For £i(w), using ( 6 ) and (c), 

dvhi{v) =dy{- ei{v)vi) , 

and hence 

\dvh{v)\\v\ < C'(|£i(w)| + \dybi{v)\) < C{vy , 
note that |?;| > 1 , we thus have 

\dM{v)\<C\v\-^vr <C{vr-K 

The high order estimate is similar and hence we omit the details. □ 


The following elementary lemma will be useful in the sequel (see [3J Lemma 2.5] and [U 
Lemma 2.3]). 

Lemma 2.5. Let Ja{v) := |z) — w\°‘^{w) dw, for —3 < a < 3. Then it holds: 

(a) If 2 < a < 3, then Ja{v) < |u|“ + Ca\v\°^/'^ + Ca, for some constant Ca > 0. 

(b) If 0 < a < 2, then Ja{v) < |u|“ + Ca, for some constant Ca > 0. 

(c) If —3 < a < 0, then Ja{v) < C(u)“ for some constant C > 0. 


We define the function ipm,p as 


( 2 . 8 ) Tm,p{v) ■■= 


m 


+ iP-^)azjiv) 


dim djm 


dim 


m m 


+ 2bi{v) -h- 1 c{v), 


m 


1 


and also the function tpm.p given by 

'2 


(2.9) 


P 

2 ^ 


dam 


Pm,p{v) :=- 1 aijiv) - 1 - 2 - aij{v) 


dim dim 


h{v) 


dim 


+ ( - - 1 ) c(ii) 


and hereafter, in order to treat both weight functions at the same time, we remind the notation: 
(7 = 0 when m = {v)^ and a = s when m = . 

We prove the following result concerning (pm,p and (pm.,p- 


Lemma 2.6. Consider (HI), (H2) or (H3), and let :pm,p cind (pm,p be defined in (1^ 
and (1^ respectively. Then we have: 

• Assume a G [0, 2): 

(1) For all positive A < Xm,p and 6 G (0, Xm,p — X) we can choose M and R large enough such 
that 

Tm,piv) - Mxr{v) < -A - . 

Tni.piv) - Mxr(v) < -A - 5{vr^'^. 

(2) For all positive X < Xm,p and S G (0, Xm,p — A) we can choose M and R large enough such 
that 


Pfn,piv) - Mxr{v) + MdjXRiv) < -A - 5{vr+'^. 
Tm,piv) - Mxr{v) F MdjXRiv) < -A - S{v)^+'^. 
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• Assume a = 2; The same conclusion as before holds for (pm,p- Moreover, concerning ipm,p, the 
previous estimates also hold if we restrict r G (0, l/(2p)) in assumptions (Hl)-(iii), (H2)-(iii), 
(H3)-(ii), and also modifying the value of the abscissa Xm,p = 4r(l — 2rp) in (H3)-(iii). 

Proof of Lemma \2.fA Step 1. Polynomial weight. Consider m = (v)^ under hypothesis (HI) or 
(H2). On the one hand, we have 

m mm 


7,/„,\-2 


m 


= Sij k{v) ^ + k{k — 2)viVj{v) 


-4 


Hence, from definitions (fLii-ifra and Lemma 12.41 we obtain 


dam 


|2 


= {dija^j)k{v) ^ + {aijViVj)k{k-2){v) ^ = auk{v) ^ P (.i{v) k{k - 2)\vf {v) 


where we recall that the eigenvalue £i (v) > 0 is defined in LemmaMoreover, arguing exactly 
as above we obtain 

^ k'^{v)~'^ = ii{v) k'^\v\'^{v)~'^ 

mm 

and also, using the fact that bi{v) = —£i(v)vi from Lemma 

— (/TD 

h -t— = -£i{v)vi kvi{v)~^ = -£i{v) k\v\^{v)~'^. 
m 

On the other hand, from item (c) of Lemma nn and definitions (ITTill-ira we obtain that 
d.ii{v) = £i{v) + 2£2{v) and c{v) = - 2(7 + 3)J^{v), 
where Ja is defined in Lemma [2.51 It follows that 

Tm,piv) = 2 k£ 2 {v){v){v)~‘^ + k£i{v){v)~‘^ + k{k - 2) £i{v) 


( 2 . 10 ) 


+ {p - l)k^ £i{y)\vY{v) * -2k£i{v)\vY{v) ^ + 2(7 + 3) ( 1 - ^ ) J.,,(w). 


Since £i{v) ^ 2(w)^, £ 2 ( 1 ^) ~ and £i{v)\v\^ ‘2£2{v) when |u| —>■ +00 thanks to 

Lemma m and also J-y{v) ^ (v)^ from Lemma 12.51 (since in this case we have 7 > 0 ), the 
dominant terms in (12.101) are the first, fifth and sixth ones, all of order (v)^. Then we obtain 


( 2 . 11 ) 


limsup 93 m„p(T) < -2 [fc - (7 + 3)(1 - 1/p)] {v)'^, 

|v| —>-+oo 


and recall that /c > (7 + 3)(1 — 1/p). Doing the same kind of computations, we obtain the same 
asymptotic for (pm,p, 


( 2 . 12 ) 


limsuppm.p(i^) < -2[k - (7 + 3)(1 - l/p)](i;)'>'. 

|i;|—>■+00 


Step 2. Stretched exponential weight. We consider now m = exp(r(u)®) satisfying (HI), (H2) 
or (H3). In this case we have 


dim 

-= rsvAv) 

m 

dam 


s-2 


dimdjm 2 2 / \ 2 s -4 

= r^s^ViVjivy’’ 


m m 


3 ' 

s—4 


m 


= rs{v)^ “^Sij + rs{s — 2)viVj{v)^ + r^s"‘viVj{v) 


\2s-4 


Then we obtain 

= 2rs£2{v){vy~^ 

(2.13) 


■ rs£i(T)(w)® ^ + rs(s — 2) £i{v)\v\'^(v) 


i-4 


+ pr^s^ £i{v)\vf {vY’^ —2rs£i{v)\v\^{vY ^ + 2(7 + 3) 1 -) J.y(v 


1 
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In the case 0 < s < 2, arguing as in step 1, the dominant terms in (12.131) when |z;| —>■ +oo are 
the first and fifth one, both of order Then we obtain 

(2.14) limsup 

|t)|—>- + oo 

and recall that s + 7 > 0. In the same way we obtain 

(2.15) limsup (^rn,,p(p) < — 

In the case s = 2, the dominant terms in (I2.13|) when |n| —)• +00 are the first, fourth and fifth 
ones, all of order Hence we get 

(2.16) limsup(/ 2 m,p(i^) < —4r(l — 2pr){v)'^^'^. 

\v\—¥-\-OQ 


However, a similar computation gives 

(2.17) limsup (^T„,p(i;) < —4r(l — 2r){vy'^‘^, 

\v\—¥-\-00 

which is better than the asymptotic of Pm,p- Thus we need the condition r < 1/2 for iprn,p 
(which is better than the condition r < l/{2p) for Pm.p)- 

Step 3. Conclusion. Finally, thanks to the asymptotic behaviour in (j2.11l) . (I2.14|) and (I2.16|) . for 
any A < A^.p we can choose M and R large enough such that Pm,p{u) —Mxr{v) < — 

for some 5 > 0 small enough, which gives us point ( 1 ) of the lemma. 

For the point (2) we use djXR{v) = R~^djx{v/R) and write 

(j 

^m,p{v) - Mxr{v) + MdjXR{v) < ^■m.piv) - Mxr{v) + 1 r<|«|< 2 R =: ^’(l^)- 

H 

We fix some A G (A, A^.p)- First we choose Ri large enough such that, for all |i;| > i?i, we have 

Vm,p{v) + (5(i;)'>'+'^ < -A 

for some 5 > 0 small enough, which implies that, for any |u| > 2 i?i, 

$(n) + 5{vy+'^ = pm,p(y) + (5(i;)'>'+'^ < -A. 

Then we choose M > 0 large enough such that, for all |r’| < i?i, 

$(n) + = (pm,p{v) + - Mxri{v) < -A. 

Finally, we choose R> Ri large enough such that, for any i? < |n| < 2i?, 

$(^;) + 5{vy+'^ < + 5{v)^+^ + < -A + < -A, 

H H 

and we easily observe that now for Ri < |u| < R we have 

$(^) + ^ - Mxr{v) < -a - m < -a. 


which concludes the proof for Pm.p- Concerning Pm.p, in the same way, inequalities (12.121) . 
(12.151) and (12.171) yield the result. □ 
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2.4. Hypodissipativity. In this subsection we prove hypodissipativity properties for the op¬ 
erator B on the admissible spaces £ defined in (12.21) . 

Hereafter we define the space Wvl^{m), with 1 < p < oo, associated to the norm 

as well as the space {m)), with n S N, by 


(2.18) 




"(WllKm)) 


0<j<n 


V 



livi/|| 


p 


Lemma 2.7. Consider hypothesis (HI), (H2) or (H3). Let p G [1, -l-oo] and n G N. Then, 
for any A < Xm,p we can choose M > 0 and i? > 0 large enough such that the operator {B + A) 
is dissipative in in the sense that 

(2-19) Vt>0, ||>5e(t)||^(vui‘’rLS(m)) < 

Moreover there hold: if p = 1 


( 2 . 20 ) 

and if 1 < p < oo 

( 2 . 21 ) 


POO 

/ e^‘||5f,(t)|| Sg{WS"^ Ll(m),WS"^ Ll{m{v)'i+<'))) ^ 

J 0 




wsBim 


IT”(m), VF”'*’( Wf ;f (m))) 


dt < oo, 


Proof of Lemma \2. 7) We only consider the case n = 0, the general case being treated in the 
sama way since commutes with B. 

Let us denote $'(z) = |z|^’“^sign(z) and consider the equation 

dtf = Bf^Bof-v- V,/ - MxRf. 

For all p G [1, -|-oo), we have 

;|ll/K..w=/(s/) 1 ''(/)-"'^ 

From (II. 5p and (12. 6 p . last integral is equal to 

J d^j{v)^^jf{x,v)<^'{f)mP - J c(v)f{x,v)<^'{f)mP 

- J n • Va:/(x,i;)$'(/)TO^ - y MxRiv)f{x,v)<^'{f)mP 

=: T1+T2+T3+ T4. 

The term T 3 vanishes thanks to its divergence structure and terms T2 and T 4 are easily computed, 
giving 

T 2 = - j c{v)\f[x,v)f’'wF and Ti = -jMxR{v)\f{x,v)Y‘'mf‘. 

Let us compute then the term Ti. Using that dijf^'{f) = P“^i9q(|/|^) — (p — ^)difdjf\f\^~'^ 
we obtain 

Ti = ^Jd^j{v)dij{\f\P)mP-{p-l) J d^j{v)d^fdjf\f\P~‘^mP. 

Performing two integrations by parts on the first integral of Ti it yields 

J (Bm'if) mF = -l(p - 1) y d.,(n) nF 

+ y Wm,p{v) - MxR{v)}\fY‘rrF, 
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where ipm.,p is defined in (j2.8p . We can also get, by a similar computation, 

+ J {‘Pm,p{'^) - MxR{v)}\f\PmP. 

Thanks to Lemma EH for any A < Xm,p we can choose M and R large enough such that 
Vm,p{v) — XIxr{v) < —A + 5{v)'^^'^. Hence it follows, using Lemma EiTl 

^ -^o{p - 1) /{(^')"|P.V.(/^/2)p + {vy+^\{I - 

( 2 . 22 ) P 

or 

(2.23) 

Ij^WfWUrn) ^ -cob - 1) / {b)"|P.V„(m/P/^)p + {vy+^\{I - P,)S7,{mF/^)nmP-^ 
-M\f\\Urn)-mvf-^f\\U^y 

from which we easily obtain (12.191) for any 1 < p < oo. For p = oo, let g = mf, it is easy to 
check that g satisfies the equation 

dtg + v- S/^g = aij{v)dijg - 2a^j{v)^^djg + (pm,ao{v)g - MxR{v)g , 
by the standard maximum principle argument (for example, see [24 ] ). we have 

This completes the proof of (12.191) . 

The proof of (12.201) and (12.211) follows easily from (I2.22p by keeping all the terms at the 
right-hand side and integrating in time. □ 


Define the operator Bm by Bmh := mB{m ^h), more precisely 


(2.24) 


Bmh — CLijOij h 2ujj 


dim 


dih ' 


2cLi 


dim djm 


dam 


-c-MxRfh-vVxh 


=: aijdijh -|- djdjh -I- (C - MxR)h - v ■ V^h. 


Observe that if / satisfies dtf = Bf, then h := mf satisfies dth = Bmh. We then define the 
operator B^, the (formal) adjoint operator of Bm with respect to the usual scalar product 

by 

I — c) tH 1 \ CJ' TT) — (J 777 1 

Bm4' = arjd^jc!) + < 2bj + 2a^j-^ > djcf + < cnj— -h 2hj— - Mxr > (f + v ■ Vxf) 

i.Z.ZD] J J 

=: aijdij4> + I3*di(j) + (C* - MxR)(t> + v ■ Vx(f- 

Remark that, denoting ht := Ss^iBjhQ and (j)t := SB^(t)(j)o, which verify the equations dtht = 
Bmht and dt4>t = B^fit, there holds 


{ht.f'o) H^Ll — {ho,4>t)H^Ll- 


Lemma 2.8. Consider hypothesis (HI), (H2) or (H3), and let n G N. Then, for any A < Xm, 2 , 
we can choose M and R large enough such that the operator (B^+X) is hypo-dissipative in H^L^, 
in the sense that 


(2.26) 


Vf>0, \\Si3:^it)\\^(HsLi) Cl Ce 
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Moreover there holds 


(2.27) 


2\t 


II^bWII 




where we recall that *(w)) is defined in (12.41) . 


Proof. We consider the case n = 0, the others being the same because commutes with 
Let dtf = where we recall that B’^ is defined in (12.251) . We have 

J = J (^hij + 2 bj ^ - M XR^ 

+ J + J vVx(j)(l) + J dijdijfcj) 

=: T 1 +T 2 + T 3 + Ti. 


Performing one integration by parts, we obtain 
T 2 = / I -a. 


dijTTl 


dim djm - dim 


The term T 3 gives no contribution thanks to its divergence structure in x. Moreover we deal 
with T 4 using that dijfxj) = ^dij{(jf) — difdjf, which implies 


T4 = -j atjd^fdjfp]^ J 

Finally, we obtain that 

\b^<P) = - j dijdifdjf + J {(pm,2 - Mxr} 

< -CO J {{vy\Pv^vf\‘^ + (t)^+"|(/ - P„)V„,^| 2 } 


(2.28) 



Mxr}4''^- 


where we recall that ‘fm ,2 is defined in (12.9p . 

Thanks to Lemma ESI for any positive A < Am ,2 and S G (0, Am ,2 — A), we can thus hnd 
M,R> 0 large enough such that <fm, 2 {v) — Mxr < —A — We can conclude that 


~Mh<-^f\\h-s\\{vy-^f\\h 

- CO + ||(z;)^(/ - . 

From this inequality we easily obtain (12.261) and also the regularity estimate 

pco 

Consider now the function h that satisfies dth = Bmh. Using that {Sr^ {t)h, = {h,SB-Jt)cl>) 

this last estimate implies by duality (see (12.41) 1 

nOO 

I e^^*\\SBAm\liLidt<\\h\\l^^^.^ 

Finally we deduce (j2.27l) by using the fact that Sj 3 ^{t)h = mSj 3 {t)f. □ 


We now investigate hypodissipative properties of B in high-order velocity spaces. 

Lemma 2.9. Consider hypothesis (HI), (H2) or (H3), i G N and n G N*. Then, for any 
A < Am,i) we can choose M > 0 and R > 0 large enough such that the operator B + X is 
hypo-dissipative in in the sense that 

Vf > 0, (m)} — ^c 
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Proof of Lemma \2.iA Consider the equation 

dtf = Bf^Bof-v- VJ - MxRf. 

Remind that Bof = f) and remark that ic-derivatives commute with the operator B, thus 
for any multi-index a, /3 G N^, we have 

(s/) = /) 

and 

5 “So/ = 5 “Q(/i, /) = a“V) 

oii-\-(y2—ct 

and, writing v • V^f = v^d^J, 

dffBf = Bdfff + ^ - {d^^v.)d.AdTf) - M{d^-XR){dT f)] 

oci-\-(y.2—ct-,\oLi I 

finally 

d^d^Bf = Bid^d^f) 

+ E - M(5rXR)(5r /)} 

Oil -\-(y.2—oc,\(y.i 1 = 1 

cx.\-\-ciL2—(y.,\cx.\\'>2 


We shall treat in full details the case £ = n = 1, the others £,n > 2 being treated in the same 
way. 

Case £ = n = 1 : Step 1. Derivatives in x. First, using the computation (12.221) for p = 1, we 
have 

(2-29) = J {Prn,i{v) - Mxr{v)} i/I m. 

As explained before, the x-derivatives commute with the operator B, so for any multi-index 
/3 e we get from (12.221) that 

(2-30) =y Wn,,i{v) - MxR{v)}\d^f\m. 


Step 2. Derivatives in v. We now consider the derivatives in v. For any a S with |a| = 1, 
we compute the evolution of u-derivatives: 

dtid^f) = Bid^f) + Q(5“p, /) - - M{d:xR)f- 

From the previous equation we deduce that 

= j {>3{d“f)+Q{d^n,f) - (a“ui)9xJ-M(5“xfl)/}sign(a“/)TO 

=: T1+T2+T3 + T4 + n, 
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where 

Ti =1 S(a“/)sign(a“/)m 
72 = y ) a„ /sign(a“/) m 
T3 = - y'(a“c)/sign(a“/)m 

r 4 = - J{d:v,)d,jsign{d:f) m = 0 
T5 = - I M(a“xR)/sign(a“/)m. 

Again using the computation (12.221) of Lemma [2771 for p = 1, we have 


7"i = /- Mxr(w)}|5“/| m. 


Concerning T 5 , we use the following fact on the derivative of XR- 

C 


\9vXRiv)\ = y 9“x 


< — 1 

- R 


R<|w|<2R) 


which implies that 


.C, 


75 < Af— ||l/{<|„|<2_R/||Li^^(m). 


Performing integration by parts, we get 

T 2 + T 3 = -j d“aij d^f djmsign{d^f) + J d“bj dj-m f sign{d° f) =:A + B. 

When TO is a polynomial weight to = (v)^, we can easily estimate T 2 + T 3 , thanks to another 
integration by parts, by 


T2 + T3 


{(5“ay)9yTO + 2(5“6j)5jTO}/sign(a“/) < ||(u)t' Vlkijm), 


where we have used |9“ay| < |9“6j| < (u)'*', \djm\ < C(u)“^TOand \dijm\ < C{v)~‘^m. 

We now investigate the case of (stretched) exponential weight to = . First, we can easily 

estimate the term B, since djiri = Cvj{v)‘^~^m, as 

For the other term, integrating by parts again (first with respect to the ^“-derivative then to 
the i9i-derivative), gives us 

and we investigate the last term in the right-hand side. Recall that 

= h{v)\Pv^\^ + 72(t)|(/ - 

we decompose djf = Pydjf + {I — Pv)djf and similarly for dj{d^m), then a tedious but 
straightforward computation yields 


J a-ij d,{d“m) 5^-/ sign(9“/) 

= J {rshiv){vr-^ +rs{s- 2 )e 3 {v)\vmvr-^ +r^sH 3 {v)\v\^{vf^-^} P,a“/sign(a“/) to 
+ J rs£ 2 {v){vr-^ (/ - P„)a“/sign(a“/) to. 
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Recall that + 2bj^^ (see eq. (j2.8l) l. hence we obtain 

Ti+A< y {V'm.i('c)-Mxfi(n)} \d“f\m 

with 

'0m,i(^) — + rsi 2 {v){vy~^ + rsii{v)(vy~^ 

m 

+ rs{s — 2 )(.i(v)\v\^ {vY~'^ + Y (.i{v)\v\^ . 

Thanks to the asymptotic behaviour of f'i(w) and (. 2 {v) in Lemma 12.41 and arguing as in 
Lemma [2.61 we obtain first that 

{ limsup'0m.i('c) < —r's(u)'’''''®, if 0 < s < 2; 

|«K+oo 

hmsup'!/;m.i(i') < —2r(l — 4r), if s = 2; 

|j;|->-+oo 

and then for any positive A < Am,i and 5 G (0, Am,i — A) we can choose M, R large enough such 
that YmAv) - Mxr{v) < -A - 's{vY+'^. 

Putting together all the previous estimates of this step, and denoting ip’^{v) = (fim,li"^) when 
m = (v)^ and (v) = ipm,i{v) when m = ^ obtain 

(2.32) 

^l|5“/IUi.„(m) < J W{v) - MxRiv)}\d“f\m + J |c'(w)'>'+'"-i+C'^lfl<|„|<2R| \f\m. 


Step 3. Conclusion. Consider the standard norm on W^yim) 

WfWwtMm) = ll/lUi.Jm) + IIV./IUi + llV./IUi „(„)■ 

Gathering the previous estimates (12.291) . (12.301) and (12.321) . we finally obtain 
d „ „„ 


dt 




J |(/?m,i(ii) + C{vy^'^ ^ + M ^1r<|^|<2R - Afxfij I/I m 

+ J {PmAv) - MxR}\yxf\m + J {ip'^{v) - MxRY'^vflm. 


Remark that, since a G [0, 2], the function (j)^{v) := (prn,i{v) + C{vY~^'^~^ has the same asymp¬ 
totic behaviour of <Pm,i{v) (see eq. (|2.1ip and eq. (I2.14p l. Then, arguing as in Lemma [121 (and 
(|2.31|) L for any positive A < \m,i and 5 G (0, Am,i — A), one may find M > 0 and i? > 0 large 
enough such that 

PmAv) + C{vY+--^ + M ^1r<|.|<2R - Mxr < -a - 6 {vr+Y 

Pm,iiv) - Mxr < -A - S{vy+'^, 

- Mxr < -A - d(u)^+‘^. 


This implies that 

which concludes the proof in the case i = 1 . 


Case i > 2 : The higher order derivatives are treated in the same way, so we omit the proof. □ 


Lemma 2.10. Consider hypothesis (HI), (H2) or (H3), £ G N and n S N*. Then, for any 
A < Am, 2 , we can ehoose M > 0 and R > 0 large enough such that the operator B + X is 
hypo-dissipative in H^H^ijn), in the sense that 

Vt > 0, ||‘5B(t)||^(//n^f(m)) < C'e 
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Proof of Lemma V2.1(A Let us consider the equation dtf = Bf = Bof — Mxnf- Again we treat 
the case £ = 1 in full details, the others £ > 2 being the same. 


Case £ = n = 1 : Step 1. Lf' estimate. The estimate is a special case of Lemma [2771 

from which we have 


(2.33) 


1 d . 

2 a' 


1^2 < -CO J {(ii)^|P.V„/p + (u)^+2|(/-P„)V„/|2}m2 

+ J {(pmM'^) - MxR{v)}f'^ m^. 


Step 2. x-derivatives. Recall that the ^-derivatives commute with the equation, so for any 
/3 € we have 

im) < -CO / {{vV\P.VMf)? + {vV^\l-PvWMf)?}rn^ 

(2.34) •> 

+ j {‘Pn.Av) - MxR{v)}\dl,f\^m'^. 


Step 3. V- derivatives. Let a G with |a| = 1. We recall the equation satisfied by 9“/ 

dtdfff = B{d:f) + Q(a“A^, /) - {dy,) d,j - Mioyyf. 

From last equation we deduce that 

= J {Bidy) + Qidy, f) - (dyi) d^J - M{dyR)f} d^fiy 

=: y + T 2 + T3 + T4 + y, 


where 

y = J Bidy)d:fm^ 

T 2 = j {dy y ) fdyw? 
y = - Jidy)fdym^ 

T 4 = -y {dyi) d^J dy m'^ 
T 5 = -j M{dyR)fdym\ 

We have from Lemma O 


(2.35) 


Ti < -CO J {{vypyvioyy + {vry{i-p.)v.idyy}m^ 

+ J {(fimAv) - MxR{v)}\dy\'^ Ty. 


The terms T 3 , T 4 and T 5 are easy to estimate: for any e > 0 we get 
(2.36) y < e||a“/||i. + C'(c)||a“/||i. 


y < AT—||1 h<|^|<2r 




Lr<|«|< 2 R 




(2.37) 
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and using Lemma 

Ts<C J{vr-^\f\\d:^f\m^ 


(2.38) 




Let us now deal with the part T 2 . Performing integrations by parts, we have: 

T 2 = y (9“a„)(9y/i9“/TO^ 

= - / {dybj)djfd^fm^- [ {d^a^j) djf di{d^ f) - [ {d^aij)djf d^f 


^3) ^3 

='■ — {T 21 + T 22 + T 23 ). 

We first deal with T 2 i. Using Lemma [2^ we have 

2 


(2.39) 


r2i<c' J{vr\d,f\\d:f\m- 

< C\\{v)iv,f\\l.^^^^^ = C||(z;)ip„V,/||i._^(„) + C\\{v)Hl - Pv)yvf\\l2^^^y 
As far as T22 is concerned, the integration by parts gives, 

T22 = - j 9 “[(l-x)m^] aijdjfd^{d^f)-J {1 - xWatj dj{d^f) di{d^ f) 

- y (1 - X)m‘^ aij djf 5,(9“ 9“/) - J (d^aij) djfdi{d^f) 

= : — ^7221 + T222 + T 223 ^ + T220- 
Let us estimate T222 + T223, using integration by parts, 

T222 + T223 

= y(1 - xW [ei{v) PvV^dy:/) ■ p.w.f + £2 {v) {I - p.)v„(a“9“/) • (/ - P„)V„/ 

+ y(i - xW PvV,{d:f) ■ p.v,(a“/) + i2{v) {I - p„)v,(a“/) • (/ - p,)v,(a“/) 

= -T221 - [ ( 5 “ 4 («)) PvV^id^f) ■ P^V^f (1 - xW 


- 1 {dy2iv)) (/ - p„)v.(a“/) • (/ - p.)v./ (1 - xW 


- / [iiiv) - e 2 {v)] (/-P„)5“(5“/) 


v-VJ 


( 1 -x)^ 


- y [iiiv) - i 2 iv)] (/ - P.)V,a“/ (1 - x)m^ 

=: —T221 + T221 + ... + T224 • 

This means P 22 = P 220 + "7221 + ... + r 224 - In order to estimate T 22 , we need to estimate P 22 i 
for i = 0,..., 4 (lemma [231 plays an important role in those estimates). First of all, we obtain 


r 220 <c [ {vy+^\V.f\ |V,(5“/)| Ixlm^ 

J\v\<2 


<e||(n)^V„(a“/)||i.^^(^)+C(e)||(^)^V„/||i.^^(^) 
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For T221, we have 

T221 <C [ {vr-^\Pv^vf\ |P.V„(a“/)|m 2 

J\v\>l 

For T222, we have 

T222 <C [ {i;)^+i|(/-P„)V„/||(J-P„)V„(a“/)|m^ 

V|„|>i 

For T 223 , we obtain 

T223 <C [ ((i;)^-i + (i;)'^+i)|V„/||(/-P„)V„( 5 “/)|m" 

J|i;|>l 

< £||(t)^(/ - P.)V„(9“/)||i.^^(^) + Cie)\\{v)iy.f\\l. j^y 

Finally, for T224, 

t224 <c [ {{vy-^ + {vy+^)\v4d:f)\\{i-p.)v.f\m^ 

J\v\>l 

<e|Ki;) 3 v„( 9 “/)||i.^^(„)+C(e)||(i;) 4 ^(/-P,)V./||i._^(„) 
This completes the estimate of T22 that we write, gathering previous bounds, as 
T 22 <e||Mip„V.(a“/)|U.^„(,^)+e|Ku)^(/-P„)V.(a“/)|U.,^(^ 
C(£) II (u) ^ P„ V„/IU2 + C(£) II (u) ^ - P,) V,/|U 2 _ . 

Concerning T 23 , we apply the same process as T 22 ' we first write 
T 23 = - J{d^a,ydjfdiny X9 

- J 5 “£i(u) P„V„m" ■ P„V„/ (1 - x) d:f 

- J d:£2{v) (/ - P„)V„m2 . (/ - P„)V„/ (1 - x) a“/ 


(2.40) 


- J [^i{v) - £2 {v)\ (I - Pv)d°m 

/ I) ’ \/ 7n ^ 

[eyv) - e 2 {v)] (/ - Pv)d^f —|;j^p— (i - x) 5“/ 


up 

V ■ 'S/yVn? 


= '■ T 230 + ... + T234- 

Note that (J — P„)Vi,to^ = 0, one can easily get T 232 = T233 = 0. Let us estimate the other 
terms, by Lemma 12.41 we have 


T 230 <C f (u)^+‘^|V./||a“/||x|m^ 

dp|<2 


<e|IM^5“/||i._^(„)+C(£)||(u)iV„/||i.^^(„) 
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also 

T 231 <C [ {vr+^-^ |P„V./| |a“/| m2 


and 


T 234 <C f {{vr+^-^ + {vr+^) |(/ - P„)V„/| |9“/| m2 
d|«|>i 


Gathering previous inequalities we complete the estimate of T 23 


T23< em^d^f Wl. („)+£||(n)^^9“/||2, 

(2.41) 

+ C{e)||(z;)5p„V„/||2.^^(„) + C'(£)||(n)^(/ - Pv)V.f\\l. ^^^y 

Putting together (12.351) to (12.411) we get, using the fact that 1 + {v^ + (ri)'>'+ 2 CT -2 < 

(2.42) 

<-(co-e) I {M'^|P„V„(a“/)|2 + {z;)^+2|(/-P„)V„(5“/)|2}m2 

+ J +£{vr^'"+ C{vy~^ + MxRiv)^ 

+ C{e) J {(z;)^|P.V„/|2 + (^;)^+2|(/-P„)V„/|2}m2 
+ J ^ +-M^ 1 r<|i;|< 2 r| I/P ^772 + C'(e)|| 5“/|||2 


Step 4- Conclusion in the case £ = n = 1. We now introduce the following norm on H^H^{m) 

WfWhim) ■■= WfWhsm) + + 

which is equivalent to the standard „(m)-norm for any 77 > 0. Gathering estimates (12.331) . 
(|2.34|) and (12.421) of previous steps, we obtain 

+ J {{vr\P.VJ\^ + {vy+\l-P,)VJ\^]m^ 

+ J |V'm(^')+^?^^lR<|«|< 2 R-^^Xi ^(^;)|/2 m 2 

-coE / {(^nnv„(af/)|2 + (7;)'r+2|(/_p„)v4af/)|2}m2 

+ J {' 4 ’lni^’) - MxRiv)}\V^f\^m^ 

+ p{-co+e) E / {(z;)^|P.V„(a“/)|2 + (7;)^+2|(/-P,)V„(a“/)|2}m2 



where we have defined 

:= V>m,2i'>^) + Cr]{vy~^, 
i’lniv) ■= ‘/?m,2(w) +?7C'(e), 
i’liv) := + e{vy+^ + C{vy-\ 
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Let US fix any A < Am, 2 - We first choose e > 0 small enough so that — cq + £ < 0 and 
—Am ,2 + s < —A. Then we choose 77 > 0 small enough such that —cq + "riC^e) < 0 and 
—Am ,2 + ? 7 C(£) < —A. Hence the functions '0m have the same asymptotic behaviour than y)m ,2 
(see (I2.11|) . (12.141) and (12.161) 1. Then, using Lemmafor any A < Am ,2 and S G (0, Am ,2 — A), 
one may find M > 0 and R > 0 large enough such that 

+ V- Mxniv) < -A - 
i’Liv) - Mxr{v) < -A - 

V'm(^^) + ^^1 r<|«|<2R - Mxr{v) < -A - (5(u)'>'+'^. 

This implies 

-K[\\{v)iP.V. (V./) Ili2(m) + \\{vy-^{I- Pv)^v ( V./) II i.(m) } 

- if{||(ii)^P.V„(V./)||i.(^) + ||(u)^(/ - P.)V.(V„/)||i.(„)}, 

and then 

ll'5B(t)/||/Li ,_^(m) < C'e“'^‘||/||_H-l_^(m)- 

This concludes the proof of the hypodissipativity of H + A in „(m). 


Case £ > 2 : The higher order derivatives are treated in the same way, introducing the (equiv¬ 
alent) norm on H^H^{m) 




WfWhim) + E 

l<|a| + |/ 3 |<max(^,n);|a|<.^;|/ 3 |<n 


and choosing rj > 0 small enough as in the case £ = 1 . 


□ 


Lemma 2.11. Consider hypothesis (HI), (H2) or (H3), £ G N and n G N*, and p G [1,2]. 
Then, for any A < Am,p, we can choose M > 0 and R > 0 large enough such that the operator 
B + X is hypo-dissipative in Wft’PWy’^{m), in the sense that 

Vt > 0, 

Proof. It is a consequence of Lemmas 12.91 and [2.101 together with the Riesz-Thorin interpolation 
theorem. □ 


2.5. Regularization. We now turn to the boundedness of A as well as regularization properties 
of ASsit). We recall the operator A defined in (12.71) 

-4/ = Aof -f MxRf = (fly * f)dijp, - (c * /)/i -f MxRf, 

for M and R large enough chosen before. Thanks to the smooth cut-off function xRj for any 
q G [1, -foo], p> q and any weight function m under the hypotheses (H1)-(H2)-(H3), we easily 
obtain 

l|f\^XR/llL0„(p-i/2) < ||/||L«L5(m)- 
Taking derivatives we get an analogous estimate, for any n, £ G N, 

II-^Xr/II vi/”’5lV0'7(p-i/2) ll.^llw”’®lV0*’(m)’ 
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Arguing by duality we also have 
Finally we obtain 

^ > Vp G [1, oo]; 


(2.43) 


Mxr e 


^ , \/p G [1,2], n G N*, £ G N. 

We know obtain the boundedness of A. 


Lemma 2.12. Consider (HI), (H2) or (H3) and a weight function m. 
(i) For any p G [l,oo], there holds 

(ii) For any p G [1,2] , n G N* and t! G N, there holds 

A&3S {wff’PWi’P{m), Wft’PW^’Pip-^/'^)'^ . 

In particular A G t^{E) n t^{£) for any admissible space £ in (12.21) . 


Proof. Thanks to (12.431) we just need to consider the operator Ao- We write 

Aof = {a^j * f)dijp - (c * f)p 
and split the proof into several steps. 

Step 1. Since 7 G [—2,1] we have |ay(n —n*)| < which implies |(ay =i=/)(r’)| < 

Therefore, for any p G [1, 00 ], we have 

IKOy * /)9y/i||j^P(^-l/2) < ||/||l1((„)7 + 2), 

from which we can also easily deduce 

lia“af(a„- */)(9y7i||j^P(^-i/2) < ^ l|9“^af/||ii((„)7+2). 

ai < 0 : 

Integrating in the x-variable, we finally get 


ll(®y *^ ll/llw”’^wi’^((p)T+2)- 

Step 2. Assume 7 G [0,1]. In that case we have |c(u —u*)| < (?;)'>'(u*)'>' and the same argument 
as above gives 

ll(c*/)li|lw"’!’W^''’(Ai-i/2) ^ ll/llw^''’wi'b(p)^)' 

Step 3. Assume 7 G [—2,0). We decompose c = c+ + c_ with c+ = cl|.|>i and c_ = cl|.|<i. 
For the non-singular term c+ we easily get, for any p G [l,oo], 

ll(c-h */)mIIlS(/2-i/2) < |[/||li 

whence 

ll(c-i- */)Mllrv"'Pw*-p(^-i/2) ^ \\f\\wx’’’wf^' 

We now investigate the singular term c_. For any p G [1, S/lyj) we get 

p 


(c-*/)/^|liP(^-i/2) = ll(c-*/)/i^/^|liP < / f |/(u*)l 

J V J 




< 


f \fiv*)\^ I f \v 
J V* kJv 


^ Wniuccr 
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where we have used that \'y\p < 3 (so that the integral in v is bounded) and Lemnia l3.3l Taking 
derivatives and integrating in x it follows 

ll(c- */)mII Vp e [1,3/|7|). 

Remark that by Holder’s inequality, for any q € (3/(3 + 7 ), oo] we have 

lie-* f)iv)\ < \\f\\Li<\\f\\Li, 

which implies 

ll(c- * /)mIIl 5 (;x-i/ 2 ) < II/IIl?, Vp G [1, 00 ], 

and similarly 

ll(C- *ll/ll [l)Oo]- 

Observe that in particular the operator T/ = {c-*f)p is a bounded operator from W^’^W^’^{m) 
to lT"d^bi(^-i/ 2 ) ^rn,oo^ri,^(^rn) to thus by interpolation also 

from to for any p G [l,oo]. This together with estimates of 

previous steps completes the proof of points (i) and (ii). □ 

We turn now to regularization properties of the semigroup Sjs. We follow a technique intro¬ 
duced by Herau [T^ for Fokker-Plank equations (see also dH Section A.21] and [TT]b 

Lemma 2.13. Consider hypothesis (HI), (H2) or (H3) and let toq be some weight function 
with 7 -|- CT > 0. Define 

[ Wo i/7G[0,l]; r Too z/7G[0,1]; 

\ (i;)~mo i /7 G [-2,0). | (i;)’‘l^lmo i /7 G [-2,0). 

Then there hold: 

(1) From to for i > 1: 

Vt G (0,1], \\SB{t)\\^(L^(mi),H>^{mo)) < C 

(2) From to : 

VtG(0,l], \\SBit)\\miL^m2),L^{mi)) < C t~^. 

(3) From to L°°; 

Vt G (0,1], [|5e(t)||^(i2(„^2),L“(mi)) < Ct~^. 

Proof of Lemma V2.13[ We consider the equation dtf = Bf and split the proof into three steps. 

Step 1: from Lf to iJ^. We only prove the case -^ = 1, the other cases being treated in the same 
way. Let us define 

HtJ) := Il/lli2(,„,) +ait ||V„/||i2(^„) +a2t2 (V,/, V„/)i2(,„„) + 03 II V./||i2(,„„). 

We now choose a^, i = 1,2,3 such that 0 < 03 < 02 < cii < 1 and a\ < 20103 . Then, there 
holds 

2.A(t,/)>03t^||V,.„/||i2(^„). 

Moreover, denoting ft = SB{t)f, we have 

^-^(^i/t) = ^ll/t|ll,2(mi) +0^1 ll^p/t|li2(mo) + “1 ^ ^ll^«/t|lL2(mo) 

“t” 2 o 2 t xfti ^ vft}L'^{mo) F O 2 t xft^ ^ vft) L^{mo) 

+ 303 ll^x/t|lL 2 („,j,) -I- 03 t^ ^||Va;/t||^ 2 (,„g). 
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We need to compute 


dt 


|a| = l- 


Let us denote fx := 9“/ and /t, ;= 9“/ to simplify and recall that 

= d^j^^Jfx - cfx-v- Vxfx - Mxr/x, 

and 

9“(S/) = dijd^jfy - cfx-v Vxfv - Mxr/v 

+ (9“dy )9y / - (9“c)/ - /x - M{d^xR)f- 

Using the same computation as in Lemma 12.101 we obtain 

[ {d^{Bf) (9“/) + (9“/) 9“(6/)} ml = To + T,+T2+ Tg, 


where 


To := -2 J Qij difx djfy ml, 


Ti ■■= JWmoAv) - 2 Mxr{v)} fx fv ml, 


7^2 := - y I(9“a.,) ^ + 9“6,| 9,/ fxml-J {9“c + M(9 “xr)} ffxml-J \fx\^ ml 
and 

?3 := -y {dxdij)dj djfxml- 
For the term Ti, from the proof of Lemma we get 

T’l ^ y|/«l Wo ^ d^f\\h(mo) + IIM^ 9^f\\h{mo)- 

In a similar way, using |9“ay| < C{v)'^~^^, \dfbj\ < C{v)^ and |9im^| < C{vY~^mf, we obtain 
for the second term 

T2< j {v)^""‘^\Vxf\\fx\ml+ J + ^1r<|«|<2r| I/I l/o)! Wq - P“/lli2(mo) 


< 


£t J + (?^)'^ ^ + ^lfl<hl<2R| \dxffml+e H ^ J 


R<\v\<2R 
2 ||;^q:^||2 


,R- + f 1 


R<\v\<2R 


I/P 


+ e-H-^ ||(u)^ V./||i.(„„) - ||9“/||i.(„„). 


We now investigate Tg and, decomposing difx = Pvdifx + (I — Pv)difx and the same for 9j/„, 
we easily get 


To < rf{||(^;)^T.V49“/)||i.(„„) + ||M^(/ - Pv)Vv{d:f)\\l.(mx)) 

+ e-H-i{||(u)^T.V„(9“/)||i.(,„„) + ||(u)^(/-P„)V„(9“/)||i.(^„)}. 

For the remainder term Tg, arguing as in the proof of Lemma l2. 101 (term T 22 in that lemma, see 
(|2.40|) 1 gives us 

Tg < et{\\{v)iPxWx{d:f)\\l.^^^) + ||(u)4^(/ - T.)V,(9“/)||i.(„^)} 

+ e-H-^{Uv)iPxWxf + IIW^U - ^.)V./||i.(^„)}. 
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Finally, putting together previous estimates we obtain 

J {V,(6/)V„/ + V,/V„(6/)} mg 

|Ku)ip„V„(V,/)||i.(^„) + ||(u)^(/-P„)V.(V,/)||i.(„„)} 

+ Cc-it-i{|Ku)^V„/||i2(„„) + ||(T)5p.V4V„/)||i2(^„) + ||(u)^(/ - P.)V.(V„/)||i2(^„)} 

+ <76 H ^||/||i2(^^) - ||Va;/|||2(^^). 

Using Cauchy-Schwarz inequality, we also write the following 

2a2f(V,/,V,/)i2(^„) < 02 (£i"||V,/||i2(^„) +C£-i||V„/||i2(^„)) . 

Moreover, picking up estimates of Lemma 12.101 it follows that: for any 0 < A < Am ,2 and 
0 < (5 < Am, 2 — A, there are M,R> 0 large enough such that, 

JiBf)fml < -cojllM^ P.V,/||i2(m,) + (/ - ^.)V./||i2(m,)} 

-A||/||i2(mO-<5|IM"^"/lli.(m,)^ 

also, for some Eq > 0 to be chosen later, 

J V„(B/)V./mg < -co{||(T)ip.V„(V„/)||i 2 (m„) + ||M^(/-U.)V„(V„/)||i 2 (m„)} 

- A||V„/||i2(m„) - <5||M^V„/t||i2(m„) 

+ C{\\(v)i P.V./||i2(mo) + IIM^ {I - A)V./||i2(mo)} 

+ C'll/llL2(mo) + C'Eo || V^,/||^2(mo), 

and finally 

I V,(P/)V,/mg < -co{||(u)^ P.V„(V,/)||i2(m„) + a- A)V„(V,/)||i2(mo)} 

-A||V,,/||i2(m„)-<5||M"^"V./||i2(m„). 

We choose 


^ _ „2 ^_^5/2 

Eq E , Oi . E , 


02 := 0:3 := E®/^. 


Therefore, for any t G [0,1], we can gather previous estimates to obtain 

< + (-C0 + Ce1/2 + Ce5/2 + Ce^) {||(u)^ P.V„/*||i2(m,) + II (/ - i".)V„/i||i2(m,)} 

+ (_co + Ce1/2) {||(u)^ P.V„(V„/i)||i2(mo) +IIM^ (^ - ^v)V. (V. ft) IH 
+ ^3^9/2 ^ c'eI/ 2) {|Ku)i P„V„(V./0||i2(mo) + IIM^ (/ - (V. ft) 

“ A||/t||g,2(mi) - <^IK^’) ^ /t|li2(mi) + + E^)||/t||^2(mo) 

- AE5/2t||V„/Ji2(m„) - - Ce 1/2) |Ku)^V„/t||i2(m„) 

- (AE®/^t - Ce®/^ - E^ - Cs^/^t + E^) II V./,||i2(m„) - (S - e^/^) ll(v)^V.ftlll(^^y 
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We then choose e > 0 small enough such that the following conditions are fulfilled: 

' -Co + + Ce^ < -/f < 0, 

-CO + < -/f < 0, 

< -A + C't(e^/2 < 0, 

8 - < -/f < 0, 

+ £® + C£®/2 - £^ < -/f < 0. 

V 

We have then proved that, for any t G [0,1], 

which implies 

<m/o) = ii/oiii2(„^). 

We deduce 

Vt G (0, 1], ||Va;,„5B(t)/||i2(^Q) < ll/o||L 2 (mi)j 

and the proof of point (1) for £ = 1 is complete. 

Step 2: from to L^. We define, 

G{tJt):= \\ft\\l^m,)+aot^T{tJt), 

HGfi) ■■= ll/*lli2(^,)+ait"||V„/t||i2(^„) 

+ 02 t'^{y xft,'^vft)L^{Tno) + 0^3 x ftW'i^ (mo) ^ 

for some N to be chosen later. Thanks to Holder and Sobolev inequalities (in Ti^ x K^), there 
holds 

\\{vr9\\h<\\^x,xg\\%^\\{vf‘^9C\ 

which implies that 

wfwhimo < wfwliU) \\^^Amom%^ 

(2-44) ^Cet ^^\\f\\Li(m2)8-£t^\\'^x,vf\\A(mo)~^^^^\\(''^A ^f\\A(mo) 

< C,t-^WLHm.) + St^Vx,xf\\h(mo) + II M ^ / II > 

where we have used in last line that {v)'^~^mo ^ {v)^^ R^i- Arguing as in step 1, we have 
< -K'{\\ft\\h(m,) + l|V./t||i2(^„) +t"||V./||i2(„„)} - d||(n)^/t||i:^(™,)- 

Putting together previous estimates it follows 

< -K\\M\l,^^^^+aoNt^-^Tit,f) 

- K'aoA{\\ft\\l 2 (m,) + \\yvft\\l2(mo) + tA^xf\\h(mo)} " SaoA\\{v)A^ M\h(m,) 

< -K\\ft\\h(m.) 

+ aoNt^-^\\M\lo(^^^ + CaoNt^+^\\VM\h(mo) + CaoNt^+^VM\h(mo) 
-K'aoA{\\ft\\h(m,) + ||V„/*||i.(„„) +t4||v,/|li.(^^)} -<5aot^||(u)^/*||i.(„^). 
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Choose € (0,1) SO that <C then, for any t G 

Thanks to (12.441) . for any t G we get 

-aot^+4(i^"-Cc)||V.,./||i2(„„) 

Taking = 16 and choosing e > 0 small enough then oq > 0 small enough, we get ft) < 0 

then 

Vt G [0,t.], < Gitjt) < QiOJo) = ||/0||ii(™,). 

This ends the proof of point (2), using the fact that the norm is propagated for t > t*. 

Step 3: From LS' to L°°. Arguing by duality as in Lemma the proof follows as in step 2. □ 

We define the convolution 5i * S 2 by 

{Si*S2){t):= [ Si{t) S2{t - t) dr, 

Jo 

and, for n G N*, we define 5^*"^ by = S * with = S. 

Corollary 2.14. Consider hypothesis (HI), (H2) or (H3), and spaces £ 0 , £1 of the type E or 
£ defined in (EH) and (|2.2I) . Then for any \' < X < Xm,p (where A is defined in Lemmas \2.7[ 
\2.^ \2.9\.\2.10\ or \2.11\) there exists A^ G N such that 

< Ce~^ *, Vt > 0. 

Proof. It is a consequence of the hypodissipativity properties of B (Lemmas 12.7112.9112.101 and 
12.111) . the boundedness of the operator A ILemma I2.12|) . and the regularization properties in 
Lemma r2.131 together with [TTl Lemma 2.4] and O Lemma 2.17]. □ 

2.6. Proof of Theorem 12.11 Thanks to the estimates proven in previous section, we can now 
turn to the proof of Theorem 12. 11 

Proof of Theorem \2.1[ Let £ be an admissible space defined in (12.21) and consider io > 1 large 
enough such that E := defined in (EH satisfies E c £. Recall that in the 

small/reference space E we already have a spectral gap in Theorem ll.3l 

Then the proof of Theorem 12.11 is a consequence of the hypo-dissipative properties of B in 
Lemmas l2.71l2.91l2.10l[2dn the boundedness of A in Lemma r2.12l and the regularizing properties 
of in Corollary 12. 141 with which we are able to apply the “extension theorem” from 

El Theorem 2.13] (see also [TTl Theorem 1.1]). □ 

2.7. Proof of Theorem 12.31 We give in this subsection a regularity estimate for the semi¬ 
group Sc- 

Proof of Theorem \ 2. A A key argument in the proof of [51 Theorem 2.13] in order to obtain the 
exponential decay (that gives point (Hi) in Theorem 12.1|) is the following factorization of the 
semigroup, for any f G N*, 

i-i 

(2.45) SA{t){I - Ho) = ^((/ - Uo)Sb * iASB)^*^^){t) + (5a(/ - Rq) * {ASB)^*^^){t), 

j=o 
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which has been used with £ = N given by Corollary 12.141 We now turn to the proof of (j2.5l) . 
and recall that £ = H^Ll{m) and £-i = For sake of simplicity, in what follows, 

we denote e\{t) := . We write (12.451) with £ = N + 1 

N 

- Ho) = ^((/ - IIo)Sb * + (5a(/ - Hq) * * {ASB)){t), 

j=0 

so that, for any Ad < Am ,2 and any A < Ai, where Ai < min{Ao, Ad} is given by Theorem 12.11 
we have 

N 

(2.46) e^‘5A(t)(/-no) = ^5j(t) + 5jv+i(t) 

3=0 

with 

5,(t) = ((/ - no)eA5B * (eAAl5B)(*^)) (t), j = 0,...,N, 

and 

SN+iit) = [exSAil - Ho) * (caASb)^*^^ * (caAI^b)) (t). 

We now prove that ||e'^*5A(t)(/ — no)||^(f_j_f) S L^(R+) by evaluating each term in (12.461) . 
which in turn completes the proof of (12.5|) . Using Lemma 12.121 we easily observe that thanks 
to Lemmas 12.71 and 12.81 there hold 

\\e^*ASBit)\\B{S-i,s) < C'l|e^‘5B(t)||B(£_i.f), 

and also 

||e'^M5B(t)||B(£.f) < C'l|e'^*'5B(t)||B(f,£) < 

from which we first obtain 

||e'^M5B(t)||B(£_i,e) S Lj (IR+), ||e^M5B(t)||B(£.e) S L}(IR+). 

Therefore we deduce 

ll‘5o(t)||B(£_i,£) = l|e^‘5B(t)||B(£_i,£) € (IR+), 

and, for j = 1,..., TV, 

ll‘5j (t)||B(£_i.£) < C'||e^‘5B(t)||B(£,£) * II(t)|| b(£,£) * IIe'^*-4<5B(t)|| b(£_i,£), 

which implies by induction 

ll<5j(t)||B(£_i,£) € L}(R+) * L}(R+) * Lt (R+) C Lj(IR+). 

For the last term we first observe that, thanks to Theorem 11.31 

||e^‘5A(t)(/-no)|U(D,D) < e LI{R+), 

and also, thanks to Corollarv l2.141 

||(eAAl5B)(*'^)(t)||B(£,£5) < e L}(R+). 

These estimates finally yield 
||‘5N+l(i)llz3(£_i.£) 

< C'||e^‘5A(t)(/- no)||^(D,D) * ||(eA^5B)^*^^(t)||B(£,B) * l|e'^*-4'5B(t)||;^(£_i,£) G Lt(K+), 
which completes the proof of (12.5p . □ 
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3. The nonlinear equation 

This section is devoted to the proof of Theorem ll.il We develop a perturbative Cauchy theory 
for the (nonlinear) Landau equation using the estimates on the linearized operator obtained in 
the previous section. 


3.1. Functional spaces. We recall the following definitions 


I HI , (m) 


\\{v)^f\\ 


2 

L2(m) 




and we also define the (stronger) norm 

Recall the space defined in (11.111) associated to the norm 


2 

L^{m)' 


0<j<3 


and also the space defined in ()1.13ll by 




0<i<3 



INifW 


2 


We define in a similar way the space .^^.(m)) using the norm iL^ ,^^(m) (instead of 

7L^ „(m)). We also define the negative Sobolev space by duality in the follow¬ 

ing way 

WfllnliH-lim)) ■— {fi^^HlLKm) 

II'^IIkS (Tfl ^(m)) 

(3.1) ’ . . 

:= sup > 


The results on the linearized operator A in Theorems 12.11 and 12.31 are stated for spaces of the 
type H^Ll{m), but they can be easily adapted for the spaces H^L^(to) above, more precisely 
we have: 

Corollary 3.1. Consider hypothesis (HI), (H2) or (H3) and some weight function m, with 
the additional assumption k > j + 5 + 3/2 in the case of polynomial weight m = (v)^. Then for 
any X < Am ,2 and any Ai < min{Ao, A}, there exists a constant C > 0 such that 

vt > 0, V/ G nlLlim), \\SA{t){I- no)/||H3i2(m) < ||(J-no)/||„ai 2 (m). 

Moreover, for any A < Ai, 

pOO 

/ \\SA{t){I - no)/||?,a,,2(m) dt < C\\{I - no)/||^3(^-i(m))- 

'X 0 ’ 
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3.2. Dissipative norm for the linearized equation. We construct now a norm for which 
the linearized semigroup SA(t) is dissipative, with a rate as close as we want to the optimal rate 
decay from Theorem 12. 11 and also has a stronger dissipativity property. 

Proposition 3.2. Consider some weight function m satisfying (HO), and let X := 

and Y := (m)). Consider another weight function fh satisfying (H1)-(H2)-(H3) with 

fh < and denote X := 'H^Ll{rh). 

Define for any rj > 0 and any X 2 < Ai (where \i > 0 is the optimal rate in Theorem \2.1\) the 
equivalent norm on X 

pco 

(3.2) lll/lll|:=^ll/lli+ / ||5A(T)e^=VII|rfr. 

Jo 

Then there is rj > 0 small enough such that the solution ft = SA{t)f to the linearized equation 
satisfies, for any t > 0 and some constant K > 0, 

~\\\SA{t)f\rj, < -A2|||5A(t)/|||i - K\\SA{t)frY, V/ e Af, Ho/ = 0. 

Proof. First we remark that the norm ||| • |||H|L2(m) is equivalent to the norm || • W'HlLKm) defined 
in (If. lip for any rj > 0 and any A 2 < Ai. Indeed, using Corollary 13.11 we have 

pOO 

"nWfWHlLlim) < lll/lllw3L2(„) = ry||/||^3A2(„) + / ||‘5 a (T)e^^'^/||^3 ^2 dr 

J 0 

poo 

- ’’iWfWhlLlim) + / < (^ + C)ll/llw3L2(,„). 

Jo 

We now compute, denoting ft = 5a( t)/, 

Id 1 /'°° d 

2 ^lll/‘lllw|L 2 („) = r]{X.ft ft)niLl{m) + -^ -^\\SA{T)e^^^ft\\lt3Li{fh)dT=:Ii+l2- 

For Ii we write A = A + B. Arguing exactly as in Section [2l more precisely Lemma 12.121 we 
first obtain that A G 5(H^Lj(m),whence 

{Mt, ft)H3^Ll(m) < C||/t||„3i,2(,^). 

Moreover, repeating the estimates for the hypodissipativity of B in Lemmas 12.71 and 12.101 we 
easily get, for any A 2 < A < Am _2 and some AT > 0, 

{^fi DulLltm) < —A||/||^3a2(^) “ 

therefore it follows 


h < -A?7ll/t|lw3L2(m) “ ^'^Il/tllw3(j^i + ?7C'|l/t||^3A2(,^). 

The second term is computed exactly 
1 


h = 


pco g 

d r°° 

J ^ll'5A(T + t)e^"^/||^3A2(^) dr-A 2 J ||5A(r)e^^^/t||^3A2(^)dr 

r 1 T=+00 

\\SA{T)e^^^ ftWlts^^ -X 2 ll«SA(r)e^=^/t||^3i2(,^)dT 

* " 'Jt=0 Jq X „v / 

1 /■“ 

^ ~ ll‘5A(r)e^^'^/t||^3A2(,;^) dr 


2 

1 

2 

1 

2 L 


where we have used the semigroup decay from Corollary 13.II 
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Gathering previous estimates and using that A > A 2 we obtain 

^1 + ^2 <-A 2 |77||/t||^3i2(^) + J ||'5A(r)e'^^'^/t||^3i2(^) dr| 

- + VCWftWns^Llim) ~ 2 H IIh| LJ (tti)' 

We complete the proof choosing rj > 0 small enough. □ 

3.3. Nonlinear estimates. We prove in this section some estimates for the nonlinear operator 
Q. We will use the following auxiliary results. 

Lemma 3.3. Let —3 < a < 0 and 0 > 3. Then 

Aaiv) := [ |u - u*|“ (u*)”® du* < (u)“. 

iR3 


Proof. Let |u| < 1/2, thus |u*| + 1/2 < 1 + |u — u*! and we get 

Aa{v) = f |u*|“ (u — du* < f |u*|“ du* < (u)“. 

Jr3 JR3 

Consider now |u| > 1/2 and split the integral into two regions: |u — u*| > {v)/4 and |u — u,| < 
{u)/4. For the first region we obtain 

f dv^. < {v)°‘ [ (w*)“®du, < (u)“. 

dR3 ‘I dR3 

For the second region, |u| > 1/2 and |z; — u*| < (w)/4 imply |u*| > |u|/4, hence 
/ K.,j<M\v-v*r{v.)-'^dv.<{v)-^ [ 1 |„_, ,<w |u-u,rdu.<(u)-^+“+3<{u)“. 

dR3 ' * JR3 ' 4 

□ 


Lemma 3.4. There holds: 

(i) For any 6 * > 7 + 4 + 3/2 

\{a,j * f ){v)v,vj\ + \{aij * f){v)vi\ + \{aij * f){v)\ < II/IIl 3«„)0)- 

(ii) For any d' > (7 + 1)_|_ + 3/2 (where x+ := max{a:, 0 }) 

(Hi) If ^ & [0,1], for any d" > 7 + 3/2 

\{c*f){v)\ < {vy \\f\\Ll{{v)0")- 
(iv) IfjG [-2,0), for anyp>^ and 0" > 3(1 - 1/p) 

l(c*/){i^)| < yy ||/||iP(^„)s"). 

In particular, when 7 S (—3/2,0) we can choose p = 2 and 0" > 3/2; and when 7 G 
[—2, —3/2] we can choose p = 4 and 0" > 9/4. 


Proof. Recall that 0 is an eigenvalue of the matrix Oij so that Oy (v — v^Vi = aij{v — u*)u*i and 
aij(v — vyviVj = aij{v — Using this we can easily obtain, for any d > 7 + 4 + 3/2, 


\{aij *f){v) ViVj\ 


/ aij{v - vyviVjyi = 


J LI* 

J LI* 


< 


(u)^+^(u,)^+4|M<(u)^+^||/|Ui«„).F4) 


<{vy^^\\f\\Liii.p)- 
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In a similar way we get 

and we easily have, since 7 G [— 2 , 1 ], 

\{a,j * f)iv)\ < {vy^^\\f\\Li({v)o-^)- 

For the term {b * /), we recall that bi{z) = —2\zpZi and we separate into two cases. When 
7 G [—1,1] we have, for any 0' > 7 + 1 + 3/2, 

\ibi* f){v)\ < [ 

J V:t: ^ V* 

When 7 G [—2, —1) we use Lemmato obtain, for any 6' > 3/2, 

< \\f\\Ll({v)o')- 

Finally for the last term (c * /), recall that c{z) = — 2(7 + 3)|z|'>' and separate into two cases. 
When 7 G [0,1] then, for any 0" > 7 + 3/2, 

\{c*f){v)\<[ \v-v^p\f^\< f {vy{v^y\f^\ 

J J 

< < (^ril/llL?((.r)- 

When 7 G [—2,0) we use Lemmato obtain, for any p > 3 ^ and for any 0" > 3(1 — 1/p), 


|(c*/)(u)| 


< 


|n — (n*) ^ p-^ 


{p-i}/p 


ll/llLS(t 


|u-u*|'^{n*) \f^\ < 

^ {'’^y \\f\\Ll({v)0")y 
thanks to | 7 |p/(p — 1) < 3. 

We now prove nonlinear estimates for the Landau operator Q. 

Lemma 3.5. Consider hypothesis (HI), (H2) or (H3). 

(i) For any 0 >7 + 4 + 3/2, there holds 

{Q{f ■,9)-,h)Ll{m) y ll/llL2((^)e) Ijpllffi .Jm) ll^llffi .(m)- 

(ii) For any 0 > 7 + 4 + 3/2 and 9' > 9/4, there holds 

{QU,9),9)Ll{m) < II/IIl?((«>'’) */7e (-3/2,1]; 

and 

{Qif,9),9)Llim) < ||/||l 2 ((„)«) + \\f\\Hii{v)»') Mllim) 1 ^ [“2,-3/2]. 

Proof. We write 

{Q{f,9),h)Li{m) = J dj{{a^j * f)dig - (bj * f)g}hwf 

= - J {aij * f)digdjhm'^ - j{aij * f)digdjm'^ h 
+ J {bj * Dgdjhm'^ + J {bj * f)ghdj'ny 

=: T1+T2+T3 + T4. 


v)0 ) 


□ 
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Step 1. Point (i). We estimate each term separately. 

Step 1.1. For the first term, since the estimate for |t| < 1 is evident, we only consider the 
case |w| > 1. We decompose dig = Pvdtg + {I — Pv)dig and similarly for djh, where we recall 
that Pvdtg = Vi\v\~'^{v ■ V^g). We hence write 

Ti = y (oy * /) {Pvdig Pvdjh + Pvdig (/ - Pv)djh + (/ - Pv)dig Pydjh + (/ - (/ - Pv)djh} 

=: Til + Ti2 + Ti3 + Ti4. 

Therefore we have, using Lemma 13.41 

rj. ft {v-Vyg) {v-Vyh) 2 

Til = y (ay */Ki;, - 

< miLUivp) j iv„ffi \Vyh\m^ 

^ \\f\\Ll{{v)0) \\{v)^"^vg\\Ll{m) 

Moreover 

Ti 2 = J (ay * f)v, - Pv)9jh} rr? 

< WIWl^MvP) j |V.5l |(/ - Pv)^vh\ 

~Y 'Y + 2 

~ \\f\\Lli{v)0) \\{l’)^'^vg\\Llim) ll('a)~(.f - Pv)'^vh\\Ll(m), 

and similarly 

'y-f -2 'Y 

Ti3 < \\f\\Ll{{v)fi) - T„)V„g||i 2 (m) IKt) 2 V„/i| 1 l 2 (^). 

For the term T 14 we obtain 

Ti4 = J {a.j * f) {{I - Pv)dig} {(/ - Py)djh}m'^ 

^ Wfh-MvP) J- Pv)^vg\ \{I - Pv)yyh\ 

7+2 7+2 

^ \\f\\Ll{{v)0) \\{v)~ {I - Py)'^yg\\Ll(m) W {v) ~ {I - Py)'^ v h\\Ll(m) ■ 

Step 1.2. Let us investigate the second term T 2 , and again we only consider |u| > 1. Since 
djiTi^ = Cvj{v)'^~^m?, where we recall that cr = 0 when m = {v)^ and a = s when m = , 

the same argument as for Ti gives us 

72 = y (ay * /) {Pydigdjm^ + (7 - Py)digdj-m^} h 
='■ T 21 + T 22 . 


721 = C J{oij * f)viVj{vY ^ 

^ \\f\\Ll{{y)0) J |V„5| \h\m^ 

Y II/I|l2((d>«) \\{v)^~^yg\\Ll{m) \\{v)~ h\\Ll{m), 


Then we have 
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and we recall that 7 + cr — 2 < 7 . For the other term we get 

7^21 = C J {ttij * f)vj{vY~'^ {(/ - Py)dig}hvY 

< Wfhiavr) I |(j - p.)v.5| \h\ 

~ \\f\\Ll({v)0) \\Y)^ {I - PvW vg\\Ll(m) \\{v)^ HLl(m.), 

and recall that 7 + u < 7 + 2 . 

Step 1.3. For the term T 4 , 

T4 = C y {bj * f) Vj {vY~'^ ghrY 

Y II/IIl?(m<’) J{vY^^{vY~^ \g\ \h\ nY 

^ \\f\\Li{(v} 0 ) UY^ghii^) \\{v)^I t-Wlktu)- 
Remark that up to now we have obtained 

Tl + T2 + T4 < ||/||l2((„)0) \\g\\Hl_Jm) 

however in the estimate of the term T 3 (see below) we will get a worst estimate (with the 
Il5llffi,..(m) instead of 

Step 1 . 4 . We finally investigate the term T 3 and we get 

T3<\\f\\Ll((v)0) JivY+^lglN^m^ 

^ \\f\\Lli{v)0) \\Y)~ ghlim) ||(^') " V„/i||l 2 (^) 

^ \\f\\Ll{{v)0) Il5llff;_..(m) \\{Y^'^vh\\Ll{m)- 
We complete the proof of point (i) gathering previous estimates. 

Step 2. Point (ii). Arguing as in Step 1, with h replaced by 5 , we already have 

Ti+T 2 PTi< ||/||i2((„)e) 

and we only estimate the term T 3 . Integrating by parts we get 

73 = / (bj * f)g djg rY =-^ J (c * f) rY - ^ J {bj * /) djiY g^ =: I + II. 

The term II can be estimated exactly as T 4 . For I, thanks to Lemma 15^ we obtain 
I ^ WfUiavy) WiY^gWliim)’ if 7 e (-3/2, i]; 

and 

I ^ \\f\\Ll{{v)f>) II (i") ^ gWhi^m) + II/IIl4((„)()') II (u) 2 g|||2(^), if 7 e [— 2 , —3/2]; 

^ II/IIl2 ((^)8) ||(n) 2g|||2(^) + ll/llffl((«)«') Il(^^)^5lli2(m) 

and that concludes the proof. 

Lemma 3.6. Let assumption (HO) be in force. 

(i) There holds 

{Q{f,g),h)nlLl (m) ^ IIII(m) WgWnliHf^^im)) ll^llw|(ffi^ ^ (m)) 5 

therefore 

WQif ’ g)\\Hl{HY.{rn)) ^ WfW'HlLlim) WgWuUHf (m)) ■ 
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(ii) There holds 

{QU T g)^ 9)HlLl{m) ^ WfWnlLKm) llff II (m)) + II / II (m)) llff llH3i2(^) . 

Proof. We only prove point (ii). Point (i) can be proven in the same manner, using the estimate 
of Lemma l3.51 -f7l instead of Lemma Id.Sl fitl as we shall do next. 

We write 

{Q(fTg)Tg)‘H^L^{m) (Q(f 1 g) 1 g)L'^L'^{m) t ^ ^ ig^^xg) 

1<|/3|<3 

and 

d^xQ{f,9)= E Cp,,Mdl^f,dtg). 

/3i+/32=/3 

The proof of the lemma is a consequence of Lemma lS. 51 together with the following inequalities, 
that we shall use in the sequel when integrating in a; £ T^, 

(3.3) ||M||ioo(T3) < ||M||ff2(T3), ||u||l6(t 3) ;< l|M||Li-i(T3), ||u||l3(t 3) < ||M||^qT3) II^^IIl2^(t3)- 

Step 1. Using Lemma IXSl -lizl and (|3.3I) we easily get, for 0 > 7 + 4 + 3/2 and O' > 9/4, 

(Q(/) g)jg)LiLi(m) ^ / II/IIl 2((„)«) ||g||^i + Il/lli7;((«>»') Il5lli2(m) 

JT3 

')) ll5lli=L? (m) ■ 

Step 2. Case |/3| = 1. Arguing as in the previous step, from Lemma [3751 - fzU and (1331) . it follows 
{Q(f,d^g),d^g)LiLi 

^ II/IIl2((„)S) \\y xg\\Hl^rn{v)-(^-<'/^)) + II / II ErJ ) II^3:5 |Il2(,„(„)-(i-<,/2)) 

II/IIh'3l2(^„^0) ||V3,g||^2(J^l J^^„)-(1-,,/2))) + II/IIh2(^1((„)0')) 11 Va,^ 11 ^2 ^2 - (1-<,/2) ) . 

Moreover, using now Lemma 13.5K 'zL we get 

{Q{d!^f,g),d(^g)LiLi {m{v) ~ C 1 -,t/ 2 )) 

/ ll^a;/||L?((«><’) WgWm 11 II) 

7t3 

ll^a;/||H2L2(^„^e) II ^a^ffll (77^ . (m(«)-(i—/=))) ■ 

Step 3. Case |/3| = 2. When /32 = /3 we have 

(Q(/,9f5),5fg) 


^ / II/IIl3((„)8) ||V2.5||^i Jj„^„^-2(1-<t/ 2)) + ll/ll77J((i;)»') ll^a;5llL2(,„^„^-2(l-<,/2)) 

^ ll/ll773L3((U'’) II^^5 |Il2(j/ 1 Jj„^„)-2(l-<r/2))) + ||/||^2(^l(^„^e'p II V^g||^2i2(j„^„)-2(l-<r/2))- 


If |/3i| = I/ 32 I = 1 then we obtain 

{Q(dt f g),d^g) LlLl(ni{v)-^(^-n)) 

^ ' l|Va:/||L2(<„)8) ||Va,g||^l^^j,„^„)-2(l-,,/2)) || V^ 51 | -2(l-,,/2)) 


/T3 


l|Va;/||HJL2((„)») || Va,^ || ^2 (-2(l-,,/2))) || || ^2 (^l -2 (i-,t/2) )). 
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Finally, when /?i = /3 we get 

{Qidx f, 9 ), 9^ 9 ) 

^ / \\'^lf\\Ll{{v)0) llsllffi II II ff.i -2(i-‘'/2)) 

JT| 


^ ll^a;/ll-f/ii2(^„)S) ll'?llj;,2(^l ^^(•^^„)-2 (i-<t/2))) 111? II (^1 -2(i-<,/ 2) )) ll'^a:5llLj(Pri ,, (m(i;) )) ■ 

S'tep Case |/3| = 3. When P 2 = P we obtain 

{Q{f.dx9),d^9)LlLl{ m{v) -3(1-<t/ 2)) < ||/||^2i2(^^)e) II ^(j,^(„^-3(1-<t/2))) 

+ ll/ll-HJ(-Hi(<«)®')) ll^i^5'llLJL2(m(„)-3{l-^/2))- 

If |/3i| = 1 and |/32| =2 then 

9^^g), af 5)i2i2(^^„)-3(i-./2)) 

^ / ll^x/IU^di;)®) ll^sSlIffi .(m<j;)-3(i-<^/2)) ||V^g||ui (^^„)-3 (i-<t/2)) 

JT| 

^ ll^a:/llff2L3(<i;)®) II ^x5 II-3(i-‘'/2))) II ^^5II(//i -3 (i-<t/2) )). 

When |/3i| = 2 and |/32| = 1 then we get 
{Q{9^^f, 9^^ 9 ), 5)lJL3(^(„)-3(1-<,/2)) 

^ / II^k/I|l 3((„)S) ||Va;5||ul (^/„\-3(1 -<t/ 2)) ||Vi^5||ul (^/„\-3(1 -<t/2)) 

JT3 

^ \\'^xf\\HlLl{(v)0) II V2:5||/2(j/1^^ J^^„)-3(1-<t/ 2))) l|Va:5||^i(^i^^ II ^2,511^2(^1 J^^^)-3(1- 

Finally, when f3i = /3, it follows 

(Q(5f /l5)>5f5)L3L2(„j(„)-3(l-<./2)) 

/ \\'^lf\\Ll{{v)<>) IIsIIhI rm<i;>-3(i--/2)) ||Vi^5||^l („j(„\-3(l-,./2)) 

7t3 

\\'^lf\\LlLl{{v)'>) ll5lli/2(//l^^_^(,„(„)-3(l-<./2))) ||Vij5||i2(^l^ ^ (m(i;) )) ■ 


11/2 


Step 5. Conclusion. We can conclude the proof gathering previous estimates and remarking 
that, for any n = 0,1, 2, there holds 

“y -f" 2 '“y <7 

||(u)“ V^5||i2i2(^(^)-(n + l)(l-,,/2)) = ||('y)^“ V”5||i2_L2(m(«>-"(l-<^/2))l 

which implies 


ll^”5llL2(/i-l^^J„(„)-(n + l)(l-.T/2))) < ||V"5||i2(Ji-l^^(„(„)-n(l-<,/2))), 


and observing also that 


and 


ll/llff3L2((^>e) < ||/||^^3i2(^) 


ll/lli?3(fl-i((„)e')) ^ ll/llw|(ffi,.(ni))' 


□ 


<t/2))). 
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3.4. Proof of Theorem ll.il We consider the Cauchy problem for the perturbation f = F — fj,. 
The equation satisfied by / = is 


(3.4) 


dtf = Af + QifJ) 
f\t=o = fo = Fo - fi. 


From the conservation laws (see (11.61) and (11.101) 1. for alH > 0, Ilo/t = 0 since IIo/o =0, more 
precisely f ft{x,v) dx dv = f Vjft(x,v)dxdv = f lvl^ft(x,v)dxdv = 0, and also noQ(ft, ft) = 

0 . 


Hereafter we fix some weight function m that satisfies hypothesis (HO). We also fix a weight 
function mg satisfying the assumptions of Corollary 13.11 fi.e. toq satisfies (HI), (H2) or (H3) 
with the additional condition kg > j + 5 + 3/2 if mo = (v}^°) such that mo < m(v} _ 

Observe that this is always possible under the assumptions on m. 


We will construct solutions on L/°(?^^L^(m)) under a smallness assumption on the initial 
data WfoWnlLKm) < ^o- We introduce the notation to simplify 

(X := nlLlim), Y HUhIM)), Y' := HUHfl{m)), 

\ Xo := HlLl(mo), Yg := UliHlMo)), Yf, := Ul^Hf^^irng)), Zg := UUHl^^img)), 
where we recall that these spaces are defined in (I1.11I) - (I1.13I) - (I3.1L and we also remark that 


< 


Y. 


We split the proof of Theorem 1 1.1 1 into three parts: Theorem 13.91 Theorem 13.101 and Theo¬ 
rem 13.111 below. 


3.4.1. A priori estimates. We start proving a stability estimate. 

Proposition 3.7. Any solution f = ft to (13.41) satisfies, at least formally, the following differ¬ 
ential inequality: for any A 2 < Ai there holds 

i||||/||li<-A2|||/|||i-(if-C|||/||U)||/||^, 
for some constants K,C > 0. 

Proof of Proposition \3. 7| Recall that the norm ||| • |||x is defined in Proposition 13.21 and it is 
equivalent to the || • ||x-norm. Thanks to (13.41) we write 

1 PC<D 

2fjf\\\f\\\x = v{f:Af)x + {SA{T)e^^^f,SA{T)e^^^Af)xodT 

pOO 

+ vif, Qif, f))x + / (5A(r)e^=^/, SA{T)e^^^Q{f, f))xo dr 

Jo 

='■ Ii + I2 + I3 F li- 

For the linear part Ii + I 2 , we already have from Proposition 13.21 that, for any A 2 < Ai, 

/l+/2<-A2 |||/|||^-if||/|||-. 

Let us investigate the nonlinear part. For the term Ig, Lemma [T6]-(zi) gives us directly 
/3<II/I|y||/||^ + ||/||^||/||y<|||/|||x||/||^ 
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For the last term I 4 , we use the fact that Ilo/t = 0 and ft) = 0 for alH > 0, together 

with Corollary 13.II to get 

pOO 

/ (5A(r)e^^ V, 5A(r)e^="Q(/, f))xo dr 

Jo 

poo 

< / \\SA{T)e^^'^f\\xo\\SA{T)e^^^Q{f,f)\\xodT 

Jo 

/ poo \ 1/2 / poo \ 1/2 

~Uo (_/, l|5'A(T)e^=^Q(/,/)||^^dTj 

< ll/llxol|Q(/,/)||yJ. 

From Lemma l3.61 1/1 we have 

IIQ(/,/)l|yj < ll/llAoll/lIzo- 

Therefore, using that toq < so that \\f\\zo ^ WfWv, we obtain 

/4<||/|U||/||^ <111/111x11/11?^, 

and the proof is complete. □ 

We prove now an a priori estimate on the difference of two solutions to (13.4p . 

Proposition 3.8. Consider two solutions f and g to (13.4p associated to initial data /o and 
go, respectively. Then, at least formally, the difference f — g satisfies the following differential 
inequality 

~Wf - 5lllxo < -^ 11 / - ffllvo + Clllslllxo 11 / - 5ll?-o 

+ Ci\\g\\n + \\f\\Y) |||/-5lllxoll/-5l|yo, 

for some constants K,C > 0. 

Proof. We write the equation satisfied by f — g'. 

f dtif -g) = A(/ -g) + Q{g, f - g) + Q{f - g, /), 

\ (/ - 5)|t=o = /o - 50- 

Denote Xq := T-L^Llfnio) where toq < (see (|3.2ll l. Then we compute 

1 d 

2 ^ 111 /t-5tlllxo =v{{f - 9),Hf - g))xo + {SA{T)e^^^{f - g),SA{T)e^^^K{f - g))^^dT 

pOO 

+ viif - g), Q{g, f - g))xo + / (5'A(T)e^='"(/ - g), SA{T)e^^^Q{g, f - g))^^ dr 

Jo 

poo 

+ viif - 5 ), Qif - 9 , f))xo + / (5'A(r)e^=^(/ - g), 5A(T)e^"^Q(/ - g, f))^^ dr 

Jo 

=: Ti + T 2 + Ta + ^4 + T 5 + Tg. 

Arguing as in Proposition 13.71 we easily obtain, 

Ti+T2<-K\\f-g\\l.^, 

and also 

T 3 + T,< IIIsIIIxo 11 / - 5||?^„ + ||5||y„ |||/ - 5|||x„ ||/ - gK- 
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Moreover, for the last part T 5 + Tg, arguing as in Proposition 13.71 and using Lemma [3.61 fti. we 
get 

T, + n< III/ - 5 |||xo ll/bo 11/ - 9 \\yo < III/ - 9\\\xo II/IIy 11/ - 9 \\ yo , 
which completes the proof. □ 


3.4.2. Cauchy problem in the close-to-equilibrium setting. Thanks to the a priori estimates in 
Proposition l3.7l and Proposition l3.81 we are now able to construct solutions to (13.41) on L“(X) = 
assuming a smallness condition on the initial data. 

Theorem 3.9. There is a constant eg = eo(m) > 0 such that, if |||/o|||a: < eo then there exists 
a global weak solution f to (lOl) that satisfies, for some constant C > 0, 

II/IIl“([0,oo);A:) + II/IIl2 ([0 ,oo);Y) < Ccq. 

Moreover, if Fq = p, + fo > 0 then F{t) = p + f{t) > 0. 


Proof. The proof follows a standard argument by introducing an iterative scheme and using the 
estimates established in Propositions 13.71 and 13.81 thus we only sketch it. 

For any integer n > 1 we define the iterative scheme 


Vn > 1, and 


dtf = A/° 
/|°t=o = fo 


I dtr = Ar+Q(r-\n 

1 /|t =0 = fo 

Firstly, the functions /” are well defined on X for alH > 0 thanks to the semigroup theory in 
Theorem 12.II and Corollary 13.11 and the stability estimates proven below. 

Step 1. Stability of the scheme. We first prove the stability of the scheme on X. Thanks to 
Propositions 13.71 we prove by induction that, if eg > 0 is small enough, there holds 

rt 


(3.5) 


Vn > 0,Vt > 0, T„(t) := |||/r|||^ + K / ||/; 


\y dr < 2eQ. 


Step 2. Convergence of the scheme. We now turn to the convergence of the scheme in Xq. 
Denote d" = — /" that satisfies 

r 9td” = Ad" + Q(/",d”) + Q(d”-\/'‘), VneN*; 

j dt(f = Ad^ + Qif,f). 

Thanks to Proposition [221 Proposition |2H1 and estimate (13.51) . we then prove by induction that, 
for eg > 0 small enough, it holds 

(3.6) Vt > 0,Vn > 0, B„it) := |||drill^o +K f IKI^y^ dr < {C 

Jo 

for some constant C" > 0 that does not depend on eg. 

Therefore the sequence (/")nGN is a Cauchy sequence in L°°([0, 00 ); Xg) = L°°([0, 00 ); 7^^Lj(mg)), 
and its limit / satisfies (13.4|) in a weak sense. We then deduce that 

II/IIl“([0,oo);X) + II/IIl2([0,oo);Y) < CcO, 

by passing to the limit n —>■ 00 in (13.5p . Moreover, since Fq = p + fo > 0 we easily obtain that 
F{t) = p + f(t) > 0 (see e.g. [S]). □ 

We can now address the problem of uniqueness. 

Theorem 3.10. There is a constant eg = eo{m) > 0 such that, if |||/c|||js: < eg then there exists 
a unique global weak solution f G L°°([0, 00 ); X) l~l L^([0, 00 ); T) to (13.41) such that 

II/IIl“([0,oo);X) + II/IIl2([0,oo);Y) < CcO- 
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Proof. Let / and g be two solutions to (13.41) with same initial data go = fo that satisfy 


ll/IU“([0.oo);X) + ||/||l2([0,oo);F) < CeQ. 

and 

ll5lU“([0,oo);X) + ||5 ||l2([0,oo);Y) < Ccq. 

The difference f — g satisfies then 


dt{f -g) = Hf -g) + Q{g, f -g) + Q{f - g, /), 

with fo = go- We then compute the standard L^L^(TOo)-norm of the difference f — g 

2 ^11/ ~ g\\LlLl{mo) ~ i-^if ~ g)j f ~ g) L^Ll{mo) T {Qig^ f ~ 5)) / ~ g) L^L'^imo) 
+ {Qif - g, f), f - g)LlLl{mo)- 
We write A = ^ + S so that we obtain 


(A(/ - g)^f - g)LlLl{ma) < “^ 11 / “ 9\\\l{Hl ,{mo)) + *^ 11 / “ 

Moreover, Lemma [3^(ii) together with (13.311 gives 

{Q{g, f - g),f - g)LlLl{mo) < C\\g\\HlLl{mo) 11/ - 9\\'L,l{Hl^,{mo)) + C\\g\\Hl{Hl{mo)) 11/ “ 5llLJL2(„g), 

whence, integrating in time. 



Thanks to Lemma [3^(i) it follows 

(Q(/ - g,f),f - g)LlLl(mo) < C'll/ - gWhlLlimo) \\f\\Hl{Hl^,,(mo)) 11/ “ 9\\Ll{,Hl ^,(mo)) ^ 

which integrating in time gives 


/ {Qifr gTTfr^fr gr)LlL^{mo) 

Jo 

<C I sup Wfr ~ gT\\LlL'^{mo) ) / II/t II ,, (mo)) II/'^ ~ S’" II(Pfi , (mo)) 

VrGfO.tl Jo ' 


< C 


-e[o,t] 

II/. 


..(mo)) ) 11 /^ “ 5r|li2i2(^j,) + / Wfr - grWlKHl ,{7no)) ] 

’ / \T-G[0,t] Jo ’ j 


and observe that II/IIl 2 (^ 2 (^i^^< ||/||l?(y) < C'^o- Therefore 

ll/t “ gtWllLlimo) II/t - ff’-|lij(ffi,,(mo)) 

J 0 

[ 11/^ “ 5^lli2L2(mo) + ^^0 / ll/T-“5r|li2(m (mo))^''' 
Jo Jo 

TCeol sup II/t - 5 T||i2i2(^ ) + f II/t - 5 T|li2(m („ )) d' 

\TG[ 0 .t] X vy I xV x,.V 


CAUCHY PROBLEM AND STABILITY FOR THE LANDAU EQUATION 


43 


and when eg > 0 is small enough we conclude the proof of uniqueness by Gronwall’s inequality. 

□ 

3.4.3. Convergence to equilibrium in the close-to-equilibrium setting. 

Theorem 3.11. There is a positive constant ei < eg so that, if |||/o|||a: < ei, then the unique 
global weak solution f to (13.41) (constructed in Theorems 1 ,9. .91 and 1 ,9. 1 0\) verifies an exponential 
decay: for any X 2 < Ai there exists C > 0 such that 

Vt>0, ||/(t)|U <Ce-^=‘||/g||x, 

where we recall that Ai > 0 is the optimal rate given by the semigroup decay in Theorem \2.1[ 
Proof. From Theorem 13.91 we have 

sup|||/(t)|||x + [ \\f{r)\\YdT <Cej. 

t>0 Jo 

Using Proposition 13.71 we get, if ei > 0 is small enough so that —K + Cei < —lF/2, and for any 

A2 < Ai, 

i||||/||||<-A 2 |||/||||-(if-Cei)||/||^ 

<-A2|||/|||i-f ll/ll^, 

and then we deduce an exponential convergence 

Vt>0, |||/(t)|||x<e-^=*|||/g||U, 

which implies 

Vt>0, ||/(t)||x <Ue-^^‘||/g||x. 

□ 
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